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♦ 

CHAPTER XII. 

LINEAR SPACES. 

A space will now be considered whose elements f,g, ... are some¬ 
times called points or vectors. It is assumed that an operation + is defined 
for every pair of elements of S and that multiplication on the left by a com¬ 
plex number is defined for each element of S. 

Definition 12.1 . If f and g are any two elements of ia space S, then 
S jls called linear if f + g and af (a a complex number ) are in S, and if 

a) f + g « g + f, 

b) (f + g) + h = f +(g + h), 

c) g + x ■ f has at least one solution x in S. (The uniqueness of 
this solution is not postulated, but it will be proved in Theo¬ 
rem 12.1.) 

d) a(bf) - (ab)f, 

e) a(f + g) - af + ag, 

f) (a + b)f - af + bf, 

g) If - f. 

Postulate As The space S i£ linear 

It will be assumed throughout the£ S satisfies Postulate A* 

THEOREM 12.1. If f and g are any two elements of S, then the equa¬ 
tion g + x » f has exaotly one solution in S which will be denoted by f - g. 
f - f is independent of f and will b |. dtffroted by 0. 
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Proofs Bty Definition 12,1c, the equation f + * f has a solution^ 

and f + x = g has a solution /. From the first of these equations it follows 
that (f + x) + 5 - (f +3) + x =* f + x, so that, by the second equation, 

£ + * g. Hence J is a solution of evqfy equation f + ^ f • If *1 is 

another such solution, then ^ + *1 * ^ ' and Definition 

12,1a, ^ • Hence every equation f + ^ =* f has the unique solution ^ 

which will be denoted by 0, since confusion with the number zero is practically 

never a risk. Let z be a solution of £ + z - 0. If g + x ■ g + y, then 

(g + x) + z - (g + y) + z, (g + z) + x = (g + z) + y, 0 + x » 0 y, and x - y. 

Hence g + x * f has a unique solution x which will be denoted by f - g. It 

follows immediately that, for every element f, f - f « 0. 

Definition 1 2.2. 0 - f will be denoted hy -f. 

It is obvious that (f) + (-g) =» (f) - (g). 

THEOREM 12,2, For any element f o£ 3, (O^f = 0, and for any com plex 
number u, aO ■» 0. 

Proof: By Definition 12.If, (l)f - (1 ♦ 0)f = (l)f + (0)f. Since 
tne equation (l)f * (l)f + x has the unique solution x = 0, it follows that 
(0)f -*0. Again, by Definition 12.le, of = a(f + 0) 13 of + aO, and aO « 0. 

THEOREM 12.^3. For any element f of S and any compl ex number a, 

(-a)f * a(-f) * -(af). 

Proof: It follows from the preceding theorem that 0 ■ of + [-(af)], 

0 ■ Of - [a ♦ (-a)]f ■ af * (-a)f, and 0 » aO - a[f + (-f)] » af + a(-f). 

The theorem follows from the fact that 0 a af + x has a unique solution. 

# , 

Defi niti on 12,3 . If a complex n umber (f, g) is asso cia ted with eacdi 
pair o£ e lem ents f and £ o£ S such that 
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<0 T£,g! 83 (e,f) ( where z is the complex conjugate* of z), 

b) (f,f) > 0 if f / 0, 

c) (af, g) * a(f,g) ( wher<« a is a complex number ), 

d) (f x + f 2 , g) = (fj, g) + (fj,, g), 
then (f ,g) is_ called the inner product of f and g. 

It follows from part a of this definition that (f, f) is real, so 
that the sign of inequality in part b has sense. If f = g = 0, then by part c, 
(0, 0) = a(0, 0) for any complex number a. Hence (0, 0) * 0. Conversely, 
if (f, f) « 0, then f must be 0 to bt consistent with pari. b. Hence (f,f) ■ 0 
when and only when f = 0. 

THEOREM 12.4. If (f, g) is_ the inner prod uct of f and g, then 
(g. af) “ a(&. 1') and (g, fp f £ ) - (g. fj) + (g, fj,)- 

Proof: Ely Definition 12.3, (g, af) ’ (af, g) - aXf”,~g) - a(f, g) • 

* a(|7fT- Again, (g, fp f £ ) « (fp fg,"g) = (f^. gT + (fjTi) - 

* (f 1 » g) + (rp~g) ■ (s. f x ) + (g. fg)* 

Postulate Br An inner product is defined o\er the linear space S. 

It will be assumed throughout that S satisfies Postulate B. 
Definition 12.4 . The pos itive s quare root \/{? f f) is^ cal 1cd the 
length of f and is denote d by l| f || . 

It is obvious that lift] = 0 when and only when f = 0 and that |laf|| * 

- lal - IlfII . 

THEOREM 12.L. (Schwarz’s Lemma.) If. f and g are any two elements of 
S, then | (f, g)| 2 Ilf II • II g || . 

Proof: Since 0 2 (f- e , f-g) - (?,f) + (g,g) - (f,g) - (g,f) - 

» Ilf II 2 + lie II 2 - it follows that 9j(f ) 2 g-||f II Z + illgll 2 . If f 

and g are replaced by af and i g (where a > 0), the left side <f this in- 

a £ 2 

equality is unchanged, while the right side becomes ^ }ifir + ^ii s ir 

2a 
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The g.l.b. of this expression being ||f II • ||g|| , it follows thut3l(f, g) » 

* llfll • ||g|| . If f is replaced by Qf (where jo| - 1), the }eft side of this 

last inequality becomesftfi(f, g), while the right side remains unchanged. 

Since the maximum of?l9(f, g) is | (f, g)| , therefore |(f, g)| 5 llfll • ||g|| . 

If in th ) relation (f - g, f - g) * 0 th* sign of equality is to hold, 

it must be the case that f * g. If the relation ^(f, g) ^ llfll • llgl| is to 

be an equality, then f =* 0 or g » 0 or af » i g, where a has the positive 

2 a 

value which makes II f || 2 + -i*- llgll a minimum, that is, f 3 <* g, > 0. 

2 2a 2 

If the equality is to hold in the theorem itself, it must be the case that 
f=»0org = 0or9f = <*g, where 9 has the value which maximizes ^9(f, g), 
that is, f » ft g, ft complex and / o. Hence a necessary condition that the 
equality hold in the preceding theorem is that f = 0org=»0orf*Pg, 
ft / o. It is obvious that this condition is also sufficient. 

THEOREM 12.3 . If f and g are any two elements of S, then 

IIf + ell * IIf II + II gII . 

Proofs By Theorem 12.5, (f + g, f + g) ■ llfll 2 + ||g|| 2 + 2R(f, g) » 

- llfll 2 + llgl) 2 + 2 ||f|| • ||g|| . The theorem follows upon taking square roots. 

In this theorem the equality holds if and only if J{,(f, g) * llfll •llgll , 
that is, as the discussion following Theorem 12.5 showed, if and only if f * 0 
or g * 0 or f » <X g, c* > o. 

Definition 12.5: If f and g are any two elements of S, then the 
distance between them is take n to be ||f - g|| and is denoted by D(f, g). 

THEOREM 12.T. D(f, f) =■ o, D(f, g) > o .hen t / g, D(f, g) - D(g, f), 
D(f, g) + D(g. h) i D(f, h), D(f + h, g + h) - D(f. g), and D(af, ag) - 

- lal D(f, g). 

The proof8 of all parts of the theorem are apparent. 
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By Theorem 12.7 the distance D(f, g) possesses all the properties 
which may be reasonably expected of a distance in a linear space. (For ex¬ 
ample, see F, Hausdorff, "Mengenlehre", W. de Gruyter and Co., Berlin and 
Leipzig, 1927, definitions on pp.94-97. For all topological questions, see 
the discussions, ibid., pp.94-138.) Hence D(f, g) can be used to define a 
topology in S: 

Defi nit ion 12.6: By lim f =» f rt is meant that lira Ilf - f|| » o. 

~~ n->oo n-xx> 

A function F(f) is cont inuous at f if the condition lim f ■ f implies the 

condition lim F(f ) = F(f). (The definition domain of F(f } must be contained 
n-5K)o n 

in S, but its range of values may be contained in S or it may consist of com¬ 
plex numbers. This definition is of course equivalent to the statement that 
for every £ > o there exists a 6 = 6(f,t) > o such that whenever II g - f II <6 

thenllF(g) - F(f)|| ■ £ or lF(g) - F(f)| = £ .) The generalization of the 
notion of continuity to two or more variables (of which some may run over 
complex numbers) is apparent. 

Let C be a subset of S. f is a condensation point of C if there exists 

a sequence f^, ... of elements of C such that lim = f. (This is of 

n-xx> 

course equivalent to the possibility of finding for each £ an element g £ 0 
such that II g - f l| < £ •) 

C is closed if it contains all its condensation points. C is dense 
in D if every point of D is a point of C or a condensation point of C. C is 
open if, for each f £ C, there exists an £ ■ fc(f) > o such that the entire 
sphere II g - f l| < £ is contained in C. (This means of course that the 
complement of C is closed. See Definition 1.8 et seq.) 

Thus a topology is determined in S by means of the distance D(f, g) 
and all topological problems relating to S can be discussed in the usual 
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t6r*U6logy. 

THEOREM 12 ,8» The funotlona f + g, af, -t, t - g, (f, g), ||f|| and 
Ilf - e ll are continuous in f, g, and a. 

Proofs The relations 

II (f ♦ s) - <V V" " IK f - V + (e t 8p)ll - Ilf - t 0 ll * lie - ejl . 

II* - Vo" ’ < a - V^o* < f - f o» - Vo >11 • 

- I- 0 I * Ht-fJI * HfJI -la-aj J • Ilt-tj . 
)(f, e) - (r 0 >e o )l • l(e o * (f - f 0 ), e 0 + (e - e 0 )) - (f 0 . e 0 )l - 

S II ejl 'll g - 6g ll * HeJI •||f - f 0 ll * I If - fjl-ll e - ejl 

show that f + g, af, and (f, g) are continuous. If a - -1, then af becomes -f| 

if g is replaced by -g, then f + g becomes f - g; if g - f, then \/(f ,g) - |lf || ; 

if f is replaced by f - g, then 11 fll becomes II f - g II . 

The theory of spa cob S has been based so far on the notions of f g 
and af (linearity) and (f, g) (inner product). Ilfll and "distance" were de¬ 
fined in terms of these notions and their essential properties determined 
by means of them. But topological literature is much more familiar with the 
following set of primitive notionst f + g and af (linearity), and Ilf )| 
(metrioity). (of. Hausdorff, loo. cit.) Then the fundamental properties of 
Ilfll (mentioned after Definition 12.4 and in Theorem 12.6) are to be postu¬ 
lated , while (f, g) will be defined in terms of the metric and its properties 
proved. But to do this, additional postulates concerning Ilfll are needed. 

This situation will now be disoussed in detail. 

Definition lZ.lt A linear spaoe S i£ oalled metric if an absolute 
▼alue Ilfll is defined in S suoh that- 


a) Ilfll > o if f / 0, 



XII. LINEAR SPACES 


9 


b) II af II - I al • 11 f || , 
o) II f + gll - |lfl|+ ||g|| . 

(Then of source D(f, g) - II f - gll defines a distance for which Theorem 12.7 
is valid.) 

Postu late B^s The linear spac e S is metric. 

It will be assumed for the moment that S satisfies Postulates A and 


B^, but not necessarily B. 

THEOREM 1 2.91 If C(f, g) = £ Ji 

are iji S and not both 0), and if oc =» g.l.b. of_ C(f, g) and ft = l.u.b. of 

C(f, g) for all f and g in S, then ^=cs»l^/3=2 and okft = 1. 

Proof, First. C(f * t - S ) - k “ WTB * 

Hence if C(f, g) ever assumes a value a, it also assumes the value — . There¬ 
fore ok ft = 1 and, since <x » ft f ok = 1 = /} . Second, II f + g Ij 2 +llf - gll 2 - 

= 2( I! f II + 11 gll )“ ^ 4( || f || 2 + || g || 2 ), so that C(f, g) « 2. Thus ft = 2, and 

since <* ft ■ 1, » £. This completes the proof. 

The following examples show that ft may assume all values com¬ 

patible with Theorem 12.9; that is, that ft may assume all values » 1, - 2. 


f + g II + 

H7IF7TT, 


,v-^ 


(where f and g 


Let S be the real Euclidean space with rectangular coordinates. If f is the 

i 

point with coordinates x^, x^, let Ilf 11^ = (I x^l I Xgl^)^ , where p is some 

fixed number * 1, In case p = oo, we may interpret II f II ■ Max (1x^1 ,lxgl ). 

ft - is obviously a continuous function of p. For p - 1 and p * ao the 

choices f » (1, 0), g - (0, 1) resp. f =* (1, l), g = (l, -l) prove that ft - 2 

For p = 2, the following Theorem 12.10 (or an easy direct verification) will 


give /3p = 1* Thus all values - 1, = 2 are assumeu by the /l. 
Postulate B^: C(f, g) * 1. 


THEORY 12.10: In a linea r metric space S, Postulate B., is the neoes- 
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sary and sufficient condition that an Inner produot (f, g) satisfying Postu¬ 
late B may be defined in suoh a way that Ilf|| - V^(f, f). If (f, g) can 

be so defined , this can be done in only one way . 

All this remains true if the condition b) in Definition 12,7 is 
replaced by the weaker condition 

b') limllafll -0 and II if II - Ilf II . 

a-*o 

Proof* If there exists an inner product (f, g).such that 

IlfII - /(f, f), then 

(f + e, f + g) + (f - g, f - g) - 2(f, f) + 2(g, g), 
so that Ilf + gll Ilf - gll 2 » 211 f IJ 2 + 2II g 11 2 and C(f, g) = 1. Thus 
Postulate Bg is necessary. Again ^ 

(f + g, f + g) - (f - g, f - g) = 2(f, g) + 2(g, f) - 4#(f, g). 
Considering S (f, g) - -'Xi(f, g) - -TUif, g), we have 

7{(r, g) - -|(llf + ell 2 - Ilf - gll 2 ), 

g) * g) “ i^(if, g). 

Hence (f, g) if it exists and is such that Ilf II » \/ (f, f ), Is uniquely de¬ 

termined by (I f l| • (Observe that so far Postulate B^, that is Definition IE.7, 
has not been used at all.) 

It remains to pro'fre the sufficiency of Postulate Bg. Suppose the 
spaoe S satisfies Postulates A, B 1 and B,,, but with b T ) instead of b) in De¬ 
finition 12.7. Define(f, g) by the equations (*). It must be shown that 
(f, g) satisfies the conditions in Definition 12.3, and that !lf|l ■ l/(f» f)• 
Condition b T ) implies ||o|| * 0, and so C(f, g) * 1 gives for f - 0, 

II gll - II-gll • This implies ^(0, g) * 0. 

Replace now in the first part of (*) f by f^ - f g , and add. Using 
C(f, e) ■ It that is Ilk + hl| 2 + Ilk - hi I 2 - 2 Ilk II 2 + 2 Uhl I 2 , this gives 
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f 2 . g) + 'JKfj- g) » 

“ l^ f l + f 2 + f 2 - gll 2 + lll“ 1 - f 2 + gll Z -llf 1 - fg- s II 2 J - 

- Ildlfy 6 + f 2 | l 2 + ll f 1 t e - f 2 l| Z ) - d|f x - g + f 2 ll Z +llf 1 - g - f 2 l| z )j - 

- ±£(2 llf 1 + g ll 2 + 2 | If g 11 2 ) - (2 I |f x - gll 2 + 2 ll f g If 2 ) j = 

-•jfllV g II 2 - gll Z ]= 2 ^(f r g). 

Put f = fg, than there results ${(2^, g) » g). Hence we have 

%(**■,+ f 2* + '^( f l~ f 2 * = ^( 2± V 6). or » replacing f^ f g by f - 1 ^ — , 

^3 5 g) + W(f 2 , g) = ^( f 1 + ^ 2 * 6 )« Now replace f^ f g by if lf if g 

and use the second part of (*): 

(+ ) (f x . g) + (f 2 . g) » (£\ + f 2 . g). 

Let us now discuss equation 
(}|) (af, g) - a(f, g). 

Denote by S the set of all (complex)a for which it holds. (^ ) implies that a 
b fe S imply a - b fc S. Obviously 16 S; so all integers 0, ^ 1, - 2, ... be¬ 
long to S. As a, b 6 S, b / 0 obviously imply ~ 6 S, all rational numbers 
belong to S. 

By Definition 12.7, c), |j hll - || k|) = || h - k|| (replace f, g by 
h - k, k). Interchanging h, k, we get IlkiJ - ll h|| » II h - kl| ; thus 
ll|hl|-Uklll=|lh-k|| . Hencel ll<*f + gJI - If ft f + g H I = || (<* - P )f 11 

and if <* -*■ ft , this converges to 0 by b r ). So lie*f + gl| is a continuous 
function of ; similarly llo<f - gl| . Therefore $£(c*f, g) and (c< f, g) 
are by (*) also continuous functions of c* . Thus S is a closed set. As the 
real c< T s are limits of rational oc’s, all real oOs belong to S. 

Now (££) holds for = i, as follows directly from (*). Hence i 6 S, 
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and if oCg are real, ic*^ ■ c<^+ £ S. Thus all complex <*. f s 

belong to 3; that is #+) alwayB holds. 

We have verified the conditions c), d) of Definition 12.3, a) mean 
fti?, g) ■ &(g# *)• g) * -'ftUg, *)• The first relation follows di¬ 

rectly from (*). As for the second, observe that II if|| - llf|| and (*) give 
^(if, ig) - ft(f, g); hence 'ft (if, g) « ft(-f, ig) - - ft(f, ig) - - ft(ig, f). 

It remains to prove b) and 11 f I! - \/(f, f) , but the former follows 
from the latter. This means ^(f, f) - 11 f 11 2 , ft, (if, f) ** 0. Now a), o) 
imply (f, <* g) - c* (f, g), and so (<*f,c*f) »l*| 2 (f, f). Therefore, 

(2f, 2f) - 4(f, f), ((1 + i)f, (1 + i)f) - ((-1 + i)f, (-1 + i)f) - 2(f, f), 
proving our statements. 

Thus the spaces satisfying Postulates A and B are identical with 
those satisfying A, B^, and Bg, that is, with those linear metric spaces in 
which the invariants oC and ft defined in Theorem 12.9 assume their extreme 
•values ok ■ ft * 1. Eaoh of the notions (f, g) and II f II can be used to derive 
the other• 

It is now desirable to resume the investigation of the properties of 
spaces 3 satisfying Postulates A and B. 

Definition 12.8 : If f and g are any two elements of 3, they are 
called orthogonal , fig, if (f, g) = 0; f is called normalized if II f II ■ 1. 

A set A of elements f, g, ... in S is called orthogonal if eaoh pair of distinct 
elements of A are orthogonal ; A Is called normalized if each element of A is 
normalized . If A JLs_ orthogonal and normalized , it is called ortho-normal (o*n.) 
if A is^ o.n., it is^ called complete or maximal in S if it is not a proper part 
of any other o.n. set in 3. 

It is obvious that if A is o.n., then each subset of A is also o.n. 
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If f and g are any two elements of an o.n. set A, then (f, g) = ^ if f / g* 

Conversely, if A is such a sot that any two of its elements satisfy this con¬ 
dition, then A is o.n. Thus if A consists of a finite or infinite sequence 
sf 9 vfg, ... of distinct elements, the o.n. character of A is equivalent to the 
condition ( S 5 , ) - 6 , where 6 is the well-known Kronecker symbol 

' 1 m • r\ / rnn * run J 

6 

m 

to denote the elements of an o.n. set. 

That an o.n. set A is complete in S means that there exists no ele¬ 
ment ^ £ S such that the set consisting of A and is o.n.; that i 3 , there 
exists no normalized element 4* t S such that '-f-L A. But if f / 0 and f A, 
where f £ S, then 'f * jyjrjj ** is normalized and orthogonal to A. Thus it fol¬ 
lows that the completeness in S of an o.n. set A in S is equivalent to the fact 
that the only element in S orthogonal to A is f = 0. 


' m' r n' inn' 

-g i^ m / l* sec l u9 ^» "the letters ... will always be used 


If 4*,, ••• i 3 an o.n. set of elements and if g = 2— * 

1 * i=*l 

oo n 


i ^i’ 


then it is obvious that = (g, ¥,)• If ZI f, is defined to be lim 


J J i=l 1 n-^oo i -1 1 

00 

n 


(provided that this limit exists), and if g - Z__ x. then x.» (g, 4 > ) 

i -1 1 1 J ^ 3 

n oo 

since (p, q) is continuous and since x. 3 lim x. x. »f , ) 

J n-*oo i -1 1 J i -1 J 


THEOREM 12 .11 g J£ < f ][ . 


• * if. !L fifti ^ 9 £*n. set in S and if g £ S, 


then V 


n 

n 

i-l 


x. 4 >.l| is minimized when x.- (g,^ if V . is the mini- 
i T i-j j mm- 


< 2 

mum value, then 0 - V . 
- • - mm 


6 ^ 2 - ICg. 'f.) I 2 , bo that 
i -1 

relation is known as Bessel’ 

6 " S h ^ " (g ‘ 5 X i f i' S ' ^ X i^ 


- . (This last relation is known as Bessel’s inequality.) 

i -1 1 

Proof: 0 
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n __ n n 

- (g, g) - 21 x.(g, 4>.) - 2_ g) ♦ 21 (*i V*, x yJ" 

i»l i=l 1 1 i,j»l 3 J 

- (g, g) - 2H[ZI x(g, 4> )] + 21 |x I 2 - 

1*1 1 1 1*1 1 

- |2I[UJ 2 - 2R[x i (i7t‘5’) + I (g* II gll 2 - 21 l(gt ^i)! 2 - 

- (Z I V (g ' ^i ),2) + 1,61,2 -21 1(6. ^i)| 2 - 

1*1 1=1 

The theorem follows from the form of this last expression. 

Oorollary 1 ; If A _is_ any £.n. set in S, then Bessel’s inequality 
holds for any finite subset of A. If A is an infinite seque nce 4>g, ... , 

then the series 2T I (g, 4* )|^ is convergent and = II g 11 2 * 

i=1 l - 

The statements of the following Corollaries 2, 3, and 4 are of in¬ 
terest only if A is non-countable. 

Corollary 2 ? If A is any o.£. set in S, then (g, ) = o for every tf> 

in A except for a countable subset and 2Z. )| 2 not only has sense but is 

<11 112 ' fik 

convergent and * II g II • (This last relation, or that one in Corollary 1, is 
again Bessel 1 s inequality; if it is actually an equality it is called Parseval’s 
equation.) 

Corollary 3 t If A jLs_ any jo.n. set in S, and if g^-, g^, ... _is_ any 
sequence of elements of S, then all but a countable set of *sp* s in A are si¬ 
multaneously orthogonal to all the g ! s . 

Proofs: Corollary 1 is apparent. It follows from Bessel*s inequa- 

2 

lity that the number k of 4>* s such that I (g, ?)[ > £ is not greater than 
; thus k is finite. If t is given the values 1, l/?., l/s, ••«, the 
corresponding sets of 4>*s such that !(g, )/ > t make up a countable set and 

comprise all 4>*s such that l(g»'f)l^ > 0» This proves Corollary 2. Corollary 




XII. LINE AR SPACES 


15 


3 follows at once. 

Definition 12.9. A set T is_ called separable if ther e exists a 
countable set of its ele m ents which is dense in T. 

Corollary 4 . If A is_ any £.£. set in S, and if T separable 

part of S, then all the elements of A except for & countable subset are simul¬ 
taneously orthogonal to all the elements of T. 

Proof: Let f , f 2 , ... be a sequence 2Z of elements of T dense in T. 

Let g be any element of T and let [ f ] be a subsequence of 21 such that 

6 i 

lim f =» g. Except for a countable set of 4>’s in a, (, f.) = 0 f or all i 
n-^oo 6 n 1 

ana for all 'P in A. Hence, with at least the same exceptions, ('■f, f ) = 0 

6 i 


for all i and (by continuity) ( , g) = 0. 

Corollary 5 : If A is any _o.n. set in S, and if S itself is separable 
then A iB. countable . 

Proof: If A were not countable it would contain elements '■f which 
would be orthogonal to the whole of S. Such an element v p would therefore be 
orthogonal to itself. Hence f = 0. This contradicts the normalized character 

of A. 


THEOREM 12.12: If S is_ separable , any subspace S’ of S JLs_ also se¬ 
parable . 

Proof: Suppose the sequence ! fg, *** ® an< ^ dense in S. 

Corresponding to each pair of positive integers m and n let an element g^ of S 

be selected such that Dfg^, f R ) < ~ (providing, of course, that there exists 

such an element). Then the elements g^ are dense in S’. To show this, let g 

be an element of S’. Then there exists a subsequence f. , f. , ... of 21 such 

X 1 2 1 

that lim D(g, f ) » 0. For sufficiently large n, D(g, f. ) < — , and then 
n-xx> n 1 n 111 

elements h t S 1 with D(h, f^ ) < i exist; for example, h * g. Thus g^ is de- 

n n 
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11 2 
f 3ned D(g, f ) < - , DCg^. , f ) < - , and therefore D(g, g. ) < - by 

n n n 1 ri 

Theorem 12.6. 

Defin ition 12. 10? A finite sot of e loments f..., f o£ S i£ called 

n 

linearly independent if the condition 5~~ x.f.- 0 is saiisfied only by the set 

i=1 i i 

of values x^ »...** ■ o» 

It is easily sec-n that every finite o.n. set ..., vp^ is linearly 

n 

independent, for the condition XI x. . * 0 implies (by the remark before 

i-1 1 1 

Theorem 12.11) that x. - (0,4*.) = o« 

J 3 

THEOREM 1 2.13. If f^, ..., f are linearl y ind ependent elements of 
a spaice S, then there exist s an cj.n. set of elem ents 4>^, •.., 4>^ in S. 

Proofs Since f^/ 0 it can be written f^ = a^ whero a^ / 0 and 
II Jl = 1. Since f.^ and fg are linearly independent, the difference 

fg- (fg, 4*^) 4^ is different from zero, is orthogonal to 4^, and can bo 

written as a g where &g / 0, ll^gll = 1. fg ia orl hogonal to Since 

f^, fg, and f g are linearly independent, the difference f 3 ~ XI(f ? * 4^)4^ is 

different from zero, is orthogonal to 4^ and fg, and can be written as 

& 3 v f > 3 » where a^ / 0, Hfgll = 1. f 3 is orthogonal to 4^ and 4>g. This 

process may be continued until the set . ..,4> n * s 0 ^ a ^ I ’ e ^* 

A sequt nee f^, fg, ... of elements of S is called fundamental if 

lim D(f j f ) “ 0 (that is, if lim (f - f ) * 0). 

m rr ' v ir n' ' 

m,n~*oo m, r.-*-oo 

Definition 12.11. A space S is_ call ed complete if , correspond i ng to 

each funda mental sequ ence f , f g , •.. o£ elem ents of S there exists an element 

f of_S such that lim D(f, f ) ■ 0 ( that is , such that lim f ■ f). 

n~**oo ” n-*oo 

The following alternatives hold for a space Ss l) if all finite sets 
2^ of linearly independent elements of S are formed, where n is the number 
of elements in a particular set the least upper bound N of n may be fi- 
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nite or infinite. By Theorem 12.13 and the remark following Definition 12.10 
this alternative may be replaced by the alternative that the least upper bound 
N of n with respect to all finite o.n. sets of eleirents of S is finite or in¬ 
finite. 2) S may or may not be separable. 3) S may or may not be complete. 

THEORE M 12.14: If S is^ suc h that N (of the previous paragraph) is 
finite , then S can bei represented by the co mplex N-d imensi onal Euclidean 


space ; 


hence S jLs s eparable and comp lete. 


Proofs There exists an o.n. set in S. It is apparent 

that any element f of S can be represented as f = ^ x. in one and only 

i=l 1 1 

one way. If E^ is the complex N-dimen3ional Euclidean space, then f can be 
represented in E^ by the point (x^, ..., x^). Similarly, any other element 
g of S would be represented by the point (y^, ..., y^). It follows that 
(f + g) ^ ( Xi + y^, x N + y N ) and af - (ax^ ..., ax N ), so that f + g and 


af are in EL T . Conversely, since S is linear, there is an element of S correo- 
“ N N 

ponding to each point of E^. Furthermore, (f, g) = ( x, y. .) • 

K 1-1 J-l 0 J 

x i^x* S ° ® i® i somor phi c wiih E^. 

If S is such that N is finite, then an o.n. set ..., is com¬ 


plete when and only when k = N. 


Definition 12,12, A space S i_s said to be extend ed to a 3pace T if T 
is obtained from S by_ the add ition of elements to S, ana if f + g, af, and 
(f, g) are defined over T JLn such ia manner that, for elements of S, the defi¬ 
nitions of these notions in S and T agree . (All these spaces are assumed to 
satisfy Postulates A and B.) 

THEOREM 12.15. Any space S can be ext ended to a com plete space 'T' 
in essentially onl y one way such that S is^ dense in 'T' • S and Of' have the 
same value of N and the sane character with regard to s eparab ility. 
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Proof: Let F ■ [f^J be a fundamental sequence of elements of 8. F 

is said to be equivalent to 0, F ~G, if lim D(f Q , g^) - o. It follows that 

n-*co 

F ~ F; if F ^ G, G ^ F; if F ~ G and G ~ H, F ~ H. F will now be regarded as 
an element of a space IT , and all fundamental sequences equivalent to F will 
be regarded as the same element of IT * If If^l and [g^{ are fundamental se¬ 
quences, then tf i + g i J and [hf .J are also and the operations F ♦ G and aF in 

are defined to botf + g.} andiaf ] ; (F, G) is taken to be lim (f n , g n ). 

n-**x> 

That this limit exists follows from the fact that I (f^, g^) - (f m , g^)! - 

■KV (f n~ f m } ' V ( V “ (f m’ 6 m ) ' 5 "V f m 11 *" 8® 11 + l|f J' * ^ *a* «JI + 

+ l|f n" f m ll * 11 V «JI and lim [(f n' 6 n ) ' (f m > = 0 ainoe llf «H ^ 

m,n*«boo 

are bounded (insomuch as Ilf II =* Ilf + (f - f )|| =||f || +||f - fl| *||f II + t 
for a sufficiently great but fixed n and ajl m > n). It is apparent that se¬ 
quences equivalent to [fand [ gmay be used in the definitions of F + G, 
aF, and (F. G) without doing more to the first two of these entities than re¬ 
placing them by equivalent entities and without changing the last entity at all. 
Hence the same operations occur in 8 and . If F^ ■ [f, f, ...} and 
p g ■ ig* g* •••] # then F f * F g when and only when f * g. Hence f, F f and all 
fundamental sequences equivalent to F f may be identified, and if there exists 
an element f corresponding to a given element F, operations on f and F have 
the same significance. Let be the space of all fundamental sequences ari¬ 
sing from 3. Then IT has the properties of 3 in that it is linear with an 
inner product, as all parts of Definitions 12.1 and 12.3 can be easily veri¬ 
fied. (in particular, the condition (F, F) ■ 0 implies that F0, and thus 
in the present terminology F - 0.) Finally, 8 is isomorphic to, and in the 
present terminology, even identical with a part of ^ * the set of all F^. 

By Theorem 12.14, if H is finite for 8, 3 is complete and therefore 
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S - • If N is infinite for S, it is infinite for . Hence S and 'T 'have 

the same character with regard to the first of the alternatives mentioned be¬ 
fore Theorem 12.14 and they have the same value of N. 

If F belongs to ', then Fisa fundamental sequence { f A , 

lira Ilf.- f .11 - 0, so that lira ( lira Ilf.- f II ) - 0. Now D(f., F) - 
i, j-xx) 1 3 i-XD j->co 1 J 1 

■* limllf.- f.il . Therefore lim D(f., F) * 0, that is, lim f. * F. Hence 
j-*oo 1 ^ . i-KD 1 i-JK30 1 

S is dense in 'v • 

If is separable, then its subset S is also; if S is separable, 
is also, since S is dense in T. Hence S and have the same character 
with regard to the second of the above mentioned alternatives. 

is always complete, for let F^, F^, be any fundamental se¬ 
quence in • Since S is dense in 'T*, there exists an element of S such 

that D(F - f ) < i. The sequence [f ] is fundamental since II f - f II * 
v nn y n * n J mn 

- || (f - F ) + (F - F ) + (F - f )|| - i + i+|| F - F || . Hence [f | is an ele- 
" v m nr m n ' n n /,f m n m n' c n* 

ment F of ^ such that lim D(f , F) = 0, so that lim D(F , F) =* 0 # This 
n->oo n-xx5 

completes the proof except for the uniqueness of . 

Suppose there were a second extension T of S such that S is dense in 
« If If^j is a fundamental sequence in S, and therefore an element of V , 
then if^3 has a limit in V • Likewise the fundamental sequence tg^I has 
a limit in Of *. But 'f and cannot be equal unless l f g^J converges 
to 0, that is, unless [ f^J and { g^] are equivalent. Hence distinct elements 
of correspond to distinct elements of ^, and conversely, distinct ele¬ 
ments of ^correspond to distinct elements of . Since is complete, this 
mapping covers all of Since S is dense in T , this mapping provides aa 

image in ^ for every element of • Hence the mapping is one-to-one between 
^ and W • It is obvious that the operations F + G, aF, and (F, G) have the 
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significance in ft as in ft , so that the mapping is isomorphic. 


It is now possible to consider the following postulates concerning 
the space 3 s 

A* S is linear, (Definition 12.1.) 

B. An inner product is defined over S. (Definition 12,3.) 


Cm, N is finite. ^ 

\ ( 

Cg. N is infinite.J 
D^. S is separable. 

Dg. 3 is not separable. 
E^. S is complete. > 


(Alternative 1 after Definition 12.11.) 


(Definition 12.9, alternative 2 after Definition 12.11. 


E 1 • S is complete. 

> (Definition 12.11, alternative 3 after Definition 12.11 
Eg. S is not complete.J 

There are ; a priori, eight possible combinations of the postulates A, 

B, C , Dgj E^(p, or, Z = 1, 2) for S. But by Theorem 12.14, C 1 implies and 
and that S is the complex N-dimensional Euclidean space. Thus only the 
four combinations of Cg with D^and E^ remain for consideration. By Theorem 
12.15 it is possible to replace S by a complete space without altering any 
of the other conditions. Hence it may be assumed that E^ holds. 

Thus, besides the combination A, B, (and D^, E^), the only combi¬ 
nations to be considered are A, B, Cg, D^ or Dg, and E^. These latter cases 
will be the main concern of these investigations. In any event, it will be 
assumed throughout the sequel that S satisfies Postulates A, B, and E^. 

THEOREM 12.16: If • •• is an o.n. set in S, then a necessary 

1 ao oo" g 

and sufficient condition that X" a. ‘f, be convergent is that XI I a. I be 

i-1 1 1 i=*l 1 

convergent . 

Proof: The condition is necessary, for if a. «f is convergent, 

i*l 1 1 

then lim ii £ a^^ »f ^ ¥ Jl * 0, and therefore 

m,n-*co 1*1 1*1 


is convergent. 
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If m n 1 2 

- lim II2Z a. 'fj- 2Z a ^ II ■ 

m,n-*a> i-1 1 l-l 1 1 

m > n 

' II Y a i 'f 1 II “ 

iii, n-xx) i»n+-l 

m > n 



x m . , 2 

oo . 2 

Urn ( Y. a <f , Y a 1 'f i 

m,n-*oo ' i»n^l j=n+l J J 

m > n 

i ) a lim 2Z ' a i' a °* 

Hence 2Z 1 a.I 

' m,n-xo i=n+l 

m > n 

i-1 1 


is convergent. The condition is sufficient by a reversal of the argument in 


view of the fact that S is complete and that lim can be replaced in this 

m,n-xio 

cas' 1 by lim • m > n 

m,n-xx> 

Corollary: If A is any o.n. set in S, then is coir ergent, 

T6A 

where f is any element of S. 

Proof: This follows immeaiatel/ from Corollary 2 of Theorem 12.11 
together with Theorem 12.16. 

THSOrJiU 12.17 : _If A _is imy o_.n. set in S, j_f f any element in S, 

and if g is defined by the condition f = z: (f, K f)'f * g, th«n E-J- A. 

— 'ft A 

Proof: If A is countable, then all the elements of A may be included 

oo 

in the summation and, for any of A, (f, ) = (21 (?» ¥* ) , YJ + (g, ) 

J J i=l 


(f * Vj) + (g, and (g, <p.) 


M y \f7i '*• u 7 r j' 

If A is not countable, consider a given 


y> £ A. It is sufficient to extend the summation / over those £ A for 

A 


which (f, 'f) / 0 and, in addition, (which may or may not be such that 
(f, Y*) / 0^• All the^e ^ form a sequence, and for them the condition 
(g*y) = 0 obtains; in particular, (g,^ 0 ) 3 0. This completes the proof since 
^f*was arbitrary. 

Definition 12.13: Let M be a subset o£ S. Iff + gfiM whenever 
f £ M and g 6 M, and if af £. M when ever f £ M, then M is_ called linear. 

It is clear that M is complete in the sense of Definition 12.11 if 
and only if it is closed in the topological sense (Definition 12.6) inasmuch 
as S is complete. 
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It is obvious that the product of any set of linear (closed) Bets is 
linear (closed). A linear set in S is usually called a linear manifold (l.m.) 
in S. 

If X is any set in S, there exists a l.m. M in S containing X (for 
example, S itself). The common part of all l.m.’s containing X is the 
"smallest" l.m. containing X; it will be called "the" l.m. determined by X and 
will be denoted by t XJ • The symbol [X] is defined similarly with respect to 
closed linear manifolds (c.l.m.). In general, [ X, Y, ..., f, g, ...j is the 
l.m. determined by the sura of X, Y, ..., f, g, ..., and [X, Y, ..., f, g, ...] 
is the c.l.m. defined analogously. It is obvious that [X]D[Xfl3X. 

If X is any set in 3, then [x] and [X] can be constructed directly 

in the following manner, as is easily verified: iX} is the set of all elements 

^ a.f., where f. £ X and n =* 1, 2, ... . [X] is the set of all condensation 
i-1 1 1 1 

points of [Xj • £XI =» [X] if X has a finite basis. 

It is now desirable to take up the key theorem of the present general 
discussion of spaces S: The existence of a complete o.n. set in any space S. 
This theorem holds without any further restrictions on S, but in order to prove 
it, it is necessary to use rather deep results of the general theory of sets; 
the so-called "well ordering theorem" of Zermelo, G. Cantor*s "transfinite ordi¬ 
nal numbers", and the possibility of definition by "transfinite induction". 

(For a systematic exposition of this theory, see, for example, Hausdorff, loc. 
oit. before Definition 12.6, pp.55-58, 58-62, and 62 respectively. For the 
notion of "power" and "equivalence" which will be used later, see ibid., 
pp. 25-41, 70-73.) Now it happens that, for separable spaces 3, there exists 
another proof which does not make use of so much material. Therefore two proofs 
will be given* first, for separable spaces S (Satisfying Postulate D^) with¬ 
out the use of the general set-theory, and second, the set-theoretical proof 
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for an arbitrary space S. 

THEOREM 12.1 8; There exists a complete cun. set A in S if S satisfies 

Postulate ( that is , if S separable ) and A is_ at most countable . 

Proofs Let f^, f^, ... be a sequence of elements of S which is dense 

in S. Let f be the first element / 0; in general, let f be the first ele- 
n l n i 

ment of this sequence after f which is linearly independent of f , ...,f « 

n i-l n l n i-l 

If for some value k of i there exists no such element f (k being the smallest 

k 

such value of i), then the induction stops at f • Let all such elements 

Vi 

f be selected. An o.n. set ... may be constructed from the elements 

i 

f by the process used in the proof of Theorem 12.13. It follows that every f 
n i n i 

L3 a linear aggregate of ^f's and conversely. And as every f is an f or a 

)i n. 

linear aggregate of f 's, every f is a linear aggregate of 4>'s. 

n i J 1 

The ^’s form an o.n. set A by construction. If f is orthogonal to all 
the 4>'s, it is orthogonal to their linear aggregates and therefore to all the 
f^ 1 s and the condensation points of the f^'s, 'that is to say, to every element 
g of S. Thus f is orthogonal to itself and f =» 0. Hence A is a complete o.n. 
set. 

THEOREM 12.19 . There exists a_ complete o.n. set A in S. 

Proof: Let the elements of S be well ordered so that to each element 
of S there is attached an ordinal number c*. . The elements 4^°^ A will be se¬ 
lected from among the elements f' of S by transfinite induction. If all , 

* P 

ft < ok , have already been selected, then proceed for d\ as follows: if iff^ll- 1 
and (f' , vp ) « 0 for every ft < ok for which a has.oeen defined, then put 

* P ft 

Ydk * ; if f^ does not fulfill these conditions, then leave 4^undefined. 

It is obvious that the set A so determined is o.n. Suppose there existed an 
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element f of S, II fll ■ 1, orthogonal to A. This f has an ordinal number 
at. , f » f^ , and it would be the case that II fJl 


ft < oC . Hence f 
complete. 


1 and (f^, ) - 0 for all 

'f* would have been included in A. Therefore A is 


It is of interest to inquire which subsets M of S satisfy Postulates 
A, B, etc. (of course when the definitions of f + g, af, and (f, g) remain 
unchanged). One sees imndiately that the answer is as follows: M satisfies 
A (linearity) if and only if M is linear. M always satisfies B (existence of 
an inner product). M satisfies (completeness) if and only if it is closed. 

Thus the c.l.m.'s are those subsets of S which satisfy A, B, fluid E^, 
the postulates which have been explicitly assumed to hold for S. Therefore 
the c.l.m.*s are of particular importance. 

With regard to the other postulates, the following remarks are appar¬ 
ent : if S satisfies C^, then any subset M does also, and Ng « N^, where 
is the N associated with S and Ng that associated with M. If S satisfies Cg, 

M may satisfy either or Cg. If S satisfies D^, U does also (Theorem 12.12), 
fluid if S satisfies Dg, M may satisfy either D 1 or Dg. 

THEOREM 12.20 . If M is a c_.l_.ra., a. necessary and sufficient conditior 
that an o.n. set ACMbe complete in M is_ that any element f of M be repre- 
sentable as 2L • 

Via 

Proof: The sufficiency of the condition is evident, for if f t M and 

f J-A, f * 0. The condition is necessary, for if f is any element of M, then 
n 

(f, vp^)vf> ^ is an element of M (where •••* ftre e T®» en ts of A), and 

^ (f, y ) y is convergent fluid is an element of M since M is closed. Hence 

*ft A 

f - 21 ) ¥ is m£ element of M which, by Theorem 12.17, is orthogonal 

Y£A r— 

to A. Sinoe A is complete, f - (f, y ) y » 0 fluid f » / (f, y)y • 

tFa yeA 
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THEOREM 12.21: If M is_ a c_.l_.rn., a necessary and sufficient condi¬ 
tion that an £.n. set A in M be complete in M is that , for any element f of U, 

Ilf II 2 -ZKf,f)i 2 . 

Y £A 

Proof: The condition is sufficient, for if f is an element of M 


orthogonal to A, then 11 fI 


0 arid f a 0. The condition is necessary, for. 


by Theorem 12.20, any element f of M may be represented as f ■ (f, vp)y • 

f £ A 

Hence (f, f) » II f fl 2 - ([ 21 (f» f )f ]# f ) " JE (f,f)(f, f) - JEJ (f, f ) I 8 . 


ft A 


ft A 


.ft A 


Corollary : In the preceding theorem the condition Ilf H » 51 I (f# )| 

is equivalent to the condition that (f, g) » 5^ (£»¥)(¥* g) for any two 

, " 4* 6 A —— 1 ■ 

elements f and g of M. ( 5Z converges absol tely.) 

- - -- 

Proof: The second condition obviously implies the first. Conversely, 
if in the first condition f is replaced by f + g and f - g and the two re¬ 
sults subtracted, the condition^(f, g) = 5Z $1 (f * V )($ g)], as well as the 

A 

absolute convergence of 2Z result. If herein f and g are replaced by if 
4 £ A 

tnd g, then it is seen that3(f, g) * [ (f $ 4 )(» g)], and the absolute 

Y£A 

convergence of 5Z follows. Hence (f, g) - 51 » g)* 

Definition 12.14: If M is_ a_ subset of S, then @ M is the set of all 

elements of S orthogonal to M. 

THEOREM 12.22: M c N implies that @ M D © N. 0Mis always a c.JL.m. 


<S>M-QJM] =*©[M]. G> [M, H, ...] - (©M) • (<£>N) • ... . 

Proof: That MCN implies that <3 M 3 © N is clear. 

The set Q^, of all elements g ol S orthogonal to a given element f is 

obviously a c.l.m. Since© M - | J Q^,, it follows that©M is a c.l.m. (Note 

f t 

the second remark after Definition 12.13.) 

Suppose f £ ©M. Then Ulf and D M. Since is a c.l.m., 

0^0 [M]. Hence [M]-Lf, that is, f 6®[M]. Therefore <S> M C© [M]. 5y the 
first part of the theorem, <3 U D © [U i O ® [M] since UCfuJc[U], Hence 
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®M -® [Hj -<£>[11]. 

If f t (©M) • (<3>N) • .... then f t©K, f f ©I, .... so that 
f J. It, f _L N, .. ., and therefore f_L P, where P is the sum of M, N, ... . Con¬ 
versely, if f-LP, then ft (<E>M) • (© H) • ... -®P-©[P] - © [M, N, ...]. 
Thus all parts of the theorem are proved. 

THEOREM 12.23? If M is_ a_ £.l_.m. in S, every element f of S may be re¬ 
presented in one and only one way aa f =* f + f where f £ M and f ^ £ O M. 

Proof: By applying Theorem 12.19 to the c.l.m. M (instead of S), it 
follows that there exists an o.n. set A in M which is complete in M« Let f^ ■ 

• ZZ (f# vW and let f „ - f - f, • As in the proof of Theorem 12.20, f_ £. M 
^ £A 21 1 

and f 2 -L A- Hence f g £ ©A and fg£ © [A]. By Theorem 12.20, [A] = M, so that 
f 2 £ ©M. 


This representation is unique, for if f - f^+ fg* f * + f£ (where and 
f£ are in II and f g and f J are in© M, then fj^ « f£ - fg. But - f^ i^ 

in M and f £ - f g is in © M. Hence the element represented by these two ex¬ 
pressions is orthogonal to itself so that it must be 0. Thus f^ - f*^ and fg* fj. 

THEOREM 12.24 : © (© M) * [M], or, if Mis a C.U., © ( <©M) = M. 

Proof: As©(©M) **©(©( M]) by Theorem 12.23, and as [M] is a c.l.m., 
the first part of the theorem follows from the second if M is replaced by [M]. 

So it is necessary to consider only the second part. As every element of M is 
orthogonal to ©M, M c© ( ©M). Thus it remains to show that © ( © M) c: M. 

Suppose f £ ©> ( ©M). By Theorem 12.23, f * f^+ fg, where f^£ M and 
fg£ <2> M » ®y the preceding argument, f^ © ( ©M), so that f - f^ ■ f g is in 
3 ( 0M). Since f ? is in both © M and © ( © M), it is orthogonal to itself and 
must be 0. Hence f *» f 1 and f £. M. Thus 0 (®M) CM, and the proof is complete. 

It follows from,Theorems 12.18 and 12.20 that in every space S satis¬ 


fying Postulates Cg and (that is, separable but not Euolidean),there exists 
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a complete o.n. set A: V ) 1 , ... in S, which must bo countably infinite. 


such that each element f of S can be 


represented as f =* 


* 7 where - (f, Hence to each element f there corresponds 

i^l 

one and only one set of complete numbers (x^, Xg, .,.) such that, by Corollary 

^ , 2 

1 of Theorem 12.11, / jx.J is finite. Conversely, to each set of complex 

I 12 

numbers( x , x , ..,) such that |x.| is finite, there corresponds, by 


Theorem 12.15, on*' ana only onn element f of S 




If f coi responds to (x^ , Xg, ...) and g to (y^, y^, ... ), then af 
obviously corresponds to (ax^, aXg, •••) anc * f + g to (x^+ y^, Xg + y^, ... ), 

sr 2 

and, by the Corollary to Theorem 12.21, (f, g) = 2l_ -x.y. • 

i=l 1 1 

Thus S (which was assumed bo satisfy Postulate D^) is isomorphic with 
the space given by 


Definit ion 12 .Id : The space of all sequence s of compl ex numbers 

’ oo g 

(x^, Xg, ... ) such that | x^ | is_ finite and in which the opera tions af, 

f + g, (f, g) are defi ned by 

a-C’t-jy ...) =(ax 1# ax^, ...), 

(x r X g , ...) ♦ (y r y 2 , ...) = (x x * y v y 2 , ...), 

((x x , x 2 , ...), (y x , Y 2 , ...)) = x.y t 

i-1 

is called H ilbert space , H. 

It will be shown that af and f + g belong to H, and that the summation 
dafining (f, g) converges absolutely. If a space S satisfying Postulates A, B, 
Cg, D^, and E^ were now known, these assertions would follow from the isomor¬ 
phism of S and H deduced above, as would also the fact that H too satisfies 
those postulates. But since no such space has been constructed here (some will 
be given in the appendix to this chapter; H is the simplest), these assertions 


must be proved independently 
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The absolute convergence of z. x.y. follows from that of 

1-1 - inl¬ 

and 2_ Iy ± l 2 together with the fact that Ix^yJ « 1x^1 • | yj * jjflx^J 2 * ify^J 2 . 
i-1 

The remaining assertions are provided for by 

THEOREM 12.25 t H satisfies Postulates A, B, Cg, D^, and E^. 

Proof: The relations a) to g) of A (Definition 12.1) are obvious, it 
being necessary to prove only that if f and g belong to H, then af and f + g 
do also. But if 2ll x *l^ is finite, then 5~~ I ax,I 2 is also finite. Again, if 


i-1 


/ I x | and 
i-1 1 i-1 


f lr,l 


are finite, then 


V yj 

i-i 1 1 


is finite since 


I Xj+ y ± l 2 +| Xj- yj 2 - slxj 2 * 21 y^ I 2 , so that I x^ yj 2 = 2 1 l 2 + 2 I y i l 2 . 


It is apparent that B is satisfied. 

Since the elements - (0, ..., 0, 1, 0, ...) (the 1 is at the j 


th 


place), j - 1, ••., n, are linearly independent, Cg is satisfied. 

That H satisfies D 1 (separability) follows from the fact that the set 
of all elements • •••)* 11 * 1* 2, • • • i ^ )**<!$( ]_)* •••* 

/ 3l(^ n ), ilCf n ) rational, is countable and dense in H. (if (x^, x g , ...) is in 
H, there exists an n and an element ( 0, •••£ »uoh that, corres¬ 
ponding to t > 0, 21 I X J 2 K *| and X J 2 < yz > 1 " • ••# n *) 

i-n+1 16 1 

Finally, consider the fundamental sequence of elements f^- (x^ n ^, x^ n ^. 
n « 1, 2, ... • Since lim llf^- fj| - 0, lim 2" lx^ m ^- x^ n ^| 2 - 0, so that 


But 


for each i, lim I x^- x$ n ^| - 0# Thus x, - lim x{ n ^ exists, 
m, n-xjo n-*-oo 

lim ( lim 21 | x^ m ^- x£ n ^| 2 ) - 0, so that lim 21 x,| 2 * 0. 

m-MD n-*oo i-1 m-^co i-1 

at least one of the numbers 21 X J i® finite (say for m - m,), 

i-1 1 1 

(x£ m °^- x 1# Xg^- Xg, ...) is in H, and, as (x^ m °\ •••) is in H, 


Thus 
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(* r x 2 , ...) is in H. Since lim 2 

m-^oo i=»l 


£i*<“ 


o, lim f » f. 
m-^oo n 


Hence E^ is satisfied. 

The entire discussion from Theorem 12.24 on shows that there is one 


and, up to isomorphisms, essentially only one space S satisfying A, B, Cg, D^, 
and E^, i.e., the Hilbert space H. 

Now consider the case where S satisfies Dg. 

Again there is a complete o.n. set A in S, but it is not countable. 

A may be mapped in a one-to-one fashion on some set I of indices. For example, 
if A were finite, I might be chosen as the set of positive integers 1, ..., N 
(where N is tho number of elements of A); if A were countably infinite, I 
might be chosen as the set of all positive integers 1,2,...; in any event, 
because of the well ordering theorem, I may be chosen as the set of all ordinal 
numbers oc. < SL , where A is a suitably chosen "aleph" (i.e., that for I* 
for these notions, cf. loc.cit. before Theorem 12.13). Of course, the map may 
be chosen in other ways, and it might even coincide with A. 

If t I, denote the element of A corresponding to o4 in the given 


one-to-one mapping of A on I by • 

By Theorem 12.20, each element f of S can be represented as 
f * 2Z (f* 21 , where x^* (f, Hence to each element f 

there corresponds one and only one ordered set of complex numbers (x^), £ I* 

such that, by Corollary 2 of Theorem 12.11, x^ / 0 for only a countable set of 
<xjs and | x . | 2 is finite. Conversely, to eaoh ordered set of complex 
numbers (x^), eA £ I, where x^/ 0 for only a countable set of <A 1 s and 

|xl 2 is finite, there corresponds, by Theorem 12.16, one and only one 

*tl 

element f cf St f ■ x^ 

If f corresponds to (x^) and g to (y^), then af corresponds to (ax^) 
and f + g to (x^ + y ), by bhe Corollary to Theorem 12.21, (f, g) *» 
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- Z ** y*. 

<*€ I 

Thus S (which was assumed to satisfy Dg) is isomorphic with the space 
given by the following definition (in which it is not assumed that I is non- 
countable or even that I is infinite; but the I corresponding to the space S 
discussed above will of course be non-countable). 

Definition 12,16 : Let I be_ an arbitrary set ( of indices <x ). The 
space of all ordered Bets of complex numbers (x^), <X t I, such that x^ / 0 for 
only a countable set of s ( if I itself is countable , this condition is omit¬ 
ted) and 2Z |x^| 2 is finite, and in which the operations af, f ♦ g, and (f,g) 
are defined by 

a(xj - (“*). 

(*J + <y*) ■ + y*)> 

('(xj, (y*)) -JE x* y„ 

is called Hj. 

The sum ^ x^ y^ is absolutely convergent, again because I x^ yj ■ 

■ I x^| • | y^J * i|xj 2 + i|jfj 2 . In other respects, is characterized by 

THEOREM 12.26: If I is finite with N elements, H_ is isomorphic with 


the N-dimensional complex Euclidean space, that is, H T satisfies A, B, C,, 


and E.. (For I *»(1, ..., N), H T is identical with it .) If I is countably infi¬ 


nite , Hj is^ isomorphic with Hilbert space H, that is H^ satisfies A, B, Cg, D^, 
and E ^. ( For I » (l, 2, ...), H^ ie identical with it .) If I is non-dountable 
H I sa ^i sfies A, Bj Cg, Dg, and E^. 

Proof: The first two statements are .obvious. (See Theorems 12.14 and 

12.25. ) The third is proved for A* B, Cg, and in the same way as in Theorem 

12.25. Dg follows, by Corollary 5 of Theorem 12.11, from the existence of a 
non-countable o.n. set, i.e., the set of all elements (5^), where , fit I 
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if d = ft , 
if * / ft . 


It is now possible to characterize completely the space a oauisiying 
A, B, and E^. 

THEOREM 12.27: Ever y space S satisfying A, B, and E is_ isom or phic 
with some space Hj. With regar d to isomorphism , I may be replaced by any set 
I* of_ the same "power 1 1 ( that is , any 3et I’ on wh ich I can be mapped in a one- 
to-one fashion). But every change of " power " destroys the isomorphism, that is 
if I and I 1 are oJP different powers , and H^ t are non- isomorphic . Thus if I 
is to be chosen as the set of all ordinal numbers <* < fl , where _TL any 
aloph (cf. loc..cit.before Theorem 12.13), then J\ is determined uniquely by S. 

In the sense of Theorem 12.26 , the relation between C ! , D^_, and I 
or J\ i_s as follows ; if I is finite , so that A" H 3 1, 2, ... < laj , then 
S satisfies and D^j if_ I i_s countably infinite , so that -TL = oo, then S 
satisfies C 2 and D^; i£ I is_ non-coun table, so that -A > oo f then S satisfies 
C 2 and D 2 . 

Proof: The first statement follows from Theorem 12.]4 and the remarks 
before Definitions 12.15 and 12.16. The second statement is obvious. The fourth 
follows from the third. The last statement is a repetition of Theorem 12.26. 

It remains to prove the third statement, i.e., if and H^, are isomorphic, I 
can be mapped in a one-to-one fashion on I', 

Now if I is finite, is a complex Euclidean space of (say) N di¬ 
mensions (Theorem 12.14) and (by the remark on complete o.n. sets following 
this theorem) I and I* must both have exactly N elements. Thus the third 
statement is proved if I is finite, and similarly if I* is finite, so that it 
may be assumed that both I and I' are infinite. 
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Define <f p - ( 8 ^), where * . /} & I. ^ “ * / J ) “ d let 

the element of Hj t corresponding to ^ in the isomorphism be ^ . In Hj,, 
v f^» (x^), ^ tl', (5 € I. For a given (b £ I, denote the countable set of 
cif'a (6 I* ) for which x , / 0 by Y ft . 

*P n 

If <?</£ I* belongs to no Y , then vp » (6 ' /), oc'fc V, is normalized 

° P 

and orthogonal to every , so that its image y “ (y*)* £ I* in I by the 

isomorphism is normalized and orthogonal to every . Since the condition 
(y, v^) ■ 0 implies that y^ * 0, therefore y = 
that y is normalized. 


This contradicts the fact 


Therefore I* is exhausted by the sum of all the Y^’s, 80 that its 
"power" is not greater than times the "power" of I. But infinite powers 
are unaltered when multiplied by (cf.loc.cit., p.7l). Hence the power of 
I' is not greater than the power of I. Interchange of I and I* shows that the 
power of I is not greater than the power of I*. Hence I and I* have the same 
power. This completes the proof of all parts of the theorem. 

This characterization of the spaces S satisfying A, B, and leads 
to exactly one invariant, i.e., the aleph XL • 

Definition 12.17 : The aleph XL , which is an isomorphism-invariant 
uniquely determined by S and which completely characterizes S to within iso¬ 
morphisms ( Theorem 12.27 ), is called the dimension of S. 

The spaces 3 with XL a N » 1, 2, are complex 

•••,n ; 

Euclidean spaces of finite dimension and lead to nothing new. But XL ■ oo 
leads to the Hiloert space, H * H/ n „ v, which is a new and interesting geo- 
metrical object. The cases XL > ^ correspond to still more general spaces, 

^ b® seen that these spaces are very similar to Hilbert 

sp&oe with regard to most of their important properties. This is duo to the 
fact that every separable part of them lies in a subset of them whioh is a 
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Hilbert apace, that is, in a separable c.l.m. Thus all theorems which do not 
rofer simultaneously to more than a countable or separable set of points are 
really always discussed in Hilbert space. 

In order to obtain this result, the following theorem is needed* 

THEOREM 12.28 * If X is a subset of 8, then either all or none of the 
sets X, [ X J , [X] are separable . 

Proof: If lx] is separable, then [X] is also, since [Xj is dense in 

[X]. If [X] is separable, then X is also, since X c [X]. It remains to show 

that if X is separable, then [XjiB alBO. 

Suppose the sequence f^, f^, ... is dense in X. If ... , 

a£), n * 1, 2, ..., are all rational, then the elements ajf^+ ••• + a ^ c 

form a countable set D which is dense in the set of all elements a^f. +...♦ a f , 

II n n 

where n ■ 1, 2, ... and where a 1 ,...,a ji are arbitrary complex numbers. Thus D 
is dense in the set of all elements a jgj+...+ a^g^, where g^... f are arbi¬ 
trary elements of X; therefore D is dense in 1X j . Hence [Xj is separable, 
and the proof is complete. 

Thus every separable X is contained in [X] which, being a separable 
c.l.m., is a complex Euclidean space or a Hilbert space. 

Appendix I. 

It is desirable to give further examples of spaces having the proper¬ 
ties A, B, E, and some combination of (p, c* » 3,2)* In particular those 

with C« D. are of interest, as they are isomorphic with Hilbert space (cf. 

Z 1 

Theorems 12.25 or 12.26). This is particularly important, because these ex¬ 
amples will be "functional spaces" which, on the one hand, will later be use¬ 
ful in illustrating many results of the theory of Hilbert spaces; and on the 
other hand they lead to the chief applications of the theory. Other examples. 
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based on uncountably infinite direct products, will furnish interesting examples 
of "functional" hyper-Hilbert spaces. 

Before we construct our examples, it is advisable to give the follow¬ 
ing extension of the definitions of Chapter XII: 

THEOREM 12 1 .1 . Assume that space S satisfies the postulates A, B 
of Chapter XII , except B, b) (cf. Definition 12.3) instead of which only this 
i3 required : 

b' ) (f, t) = 0. 

The n S can be transformed in the following wuy into a space S which satisfies 
A, B without exception : 

Call two elements f, g of. S equivalent, f ^ g, i£_ Ilf - g|| * 0. Then 
the following facts hold : 

(i) f ^ f; f g implies g ~~ f; f ~ g, g h implies f ~ h . 

(ii) Call the set of all g ^f for a given f t S, . All 0 f are mutually 

exclusive s ubsets of S ( that is : 0^ / 0^ imp lies 0^ •0-0), and 

their sum is S. Call their set S. 

(iii) f~~g implies af — ag; f"^-g f h-^k implies f + h— g + k; f — g, 

h~^k implies (f, h) =* (g, k), and thus ?|f|l - || g || . 

(iv) If 0 , y- £ S, f £ 0 , 6 £ */, then 0^. 0 f+g , (f, g), ||f|| depend on 

a, 0 , '0" alone ( and not on the p articular choic e of f £ 0 , g t 

Call them a 0,0 + 7>, (0,^), ||0||. 

(v) With the notations of (iv) S satisfies the postulates A, B without ex- 
oeption • 

(vi) S satisfies E if and o nly if S satisfies it . 

(vii) 3 has o»n. subsets and complete o..n. subsets of the same powers as S. 
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Proof: One verifies immediately that the proofs of Theorems 12.5 
(Sohwarz's Lemma) and 12.6 depended on B, a), b'), c), d) alone (cf. Defini¬ 
tion 12.3). Therefore they apply to our present S. Thus Ilf l| - 0, ||g|| = 0 
imply ||af|| =* 0, ||f + gll = 0. Considering f-f = 0, g-f = -(f - g), 
f - h - (f - g) + (g - h) this proves (i); considering a(f - g) =* af - ag, 
((f + h) - (g + k)) * (f - g) + (h - k) it proves the two first statements 
of (iii). As to the third statement of (iii), owing to the distributivity 
of (g, k) (cf. B, a), c), d))we need only to consider the case where f = 0, 
h = 0. Then I (g, k)| = || g|| • ||k|| - 0, (g, k) = 0, completing the proof. 

(ii), (iv) are immediate consequences of (i), (iii) respectively. 
All parts of A as well as B, a), b'), c),d) carry over immediately 
from S to S. Il0l|= 0 means 0 * 0^ with Ilf II = 0, that is f ^ 0, that is 
0 =* 0 q ; and 0^ plays the role of 0 in S. Thus (v) is proved. 

As to (vi) and (vii), it is obvious that the behavior of S and S is 
identical in all these respects: we pass from S to S by replacing each f t S 
by its 0£,; and from S to S by replacing each 0 £ S by some f £ 0 (that is 
0 - 0 f ). 


Definition 12* 1: If S satisfies the_ assumptions of the precedi ng theo¬ 
rem , then the formation of the 0 » 0^'s is called the process of necessary 

identifications in S; and S ^s_ said to arise from S by making the necessary 
identifications in S. 


In what follows we will, for the sake of brevity, identify S 
and § , v and correspondingly f and 0- , whenever this can be done without 

a loss of clarity. 

Let now D be a space and jx* (M) a regular outer measure in it (defined 
for all subsets M of D, cf. Definitions 10.2.1, 10.2.5). 
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Of course, we could just as well begin with a finite, non-negative, 
totally additive measure function V(M), defined 6n a half-ring ft of subsets 
M of D. Then we would form, by Theorem 10.3.2, the outer measure V^(M), which 
agrees with v (M) on 'ft and is determined by ft — and put ji* (M) ■ V*(M). As 
we will see below, it would even suffice to extend v(M) to the Borel-ring of 
ft, , BR(ft). But we prefer to use consistently the outer measure. Therefore 
we return to the as mentioned above. 

We now define* 


Definition 12 1 2 . Let D be a space, and be_ a_ regular outer mea¬ 
sure in it. Let UF^ be the set of all complex valued functions f * f(P), 

defined for all P fc D, and measurable with respect to ji (M). 

Let S D be the set of all those f £ MF^ for which 

$ 1f(P)| 2 du(lL) is finite . 

D ' 

THEOREM 12’2: We have: 

(i) 


(ii) 


f £ Sp and a is^ a complex constant, then af g ]i+(U) 

((af)(P) • a • f(P)). 

If f> 6* 3 d „.f U V then f + g « S n „. rM ^((f+g)(P) = f(P) + g(P)). 






(ill) If f, g 6 then ^f(P)iTP7 d^(Mp) Is finite . 

(It) If we define in *f. f + 6 “il2. U). UO “i (f. K) “ 

- ^(PjgTFT^dip) (of. (lii)), the situation of Theorem 12*. 1 arises: 

Sp 8ati8fi9a the postulates A, B, E of Chapter XII, where B, b), 

must be replaced by B, b’). 

(v) The necessary identifications (of. Definition 12*1) are these * f if 
and only if the set of all P with f (P) / g(P) has the measure 0. The 
Sp wh * c k resu ^ s from these identifications satisfies A, B, S with¬ 

out exception. (Cf• Theorem 12*. 1 and Definition 12'.1.) 
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Proof: (i) is obvious; (ii) follows owing to the identity 
lf(P) + S(P)1 2 - I f(P)! 2 + lg(P)! 2 + 2TUf(P)iOT). from (iii); (iii) follows 
from I f (P)gTP) ) * 4*lf(P)l 2 + 4lg(P)| 2 . The statements of (iv) concerning A, B 
are obviouB. II f - gll - 0 means (f - g, f - g) * 0, £ |f(P) - g(P)| 2 dji(Mp) - 0; 
and as* I f (P) - g(P)| 2 * 0 everywhere, this means that |f(P) - g(P) | 2 / 0, 
f(p) / g(P) holds only on a P-set of measure 0, This proves the first half of 
(v), the second half follows from (iv) and Theorem 12*. 1, (v), (vi). Thus it 
remains only to prove the statement of (iv) concerning : That is 

complete. 

Consider a sequence f.., f g , ••• £ for which lim II f II" 0. 

* *v ' ' n,n-*oo m n 

Thus for every 6 > Oan n 3 n (O exists such that m, n ■ n imply 


f - f 
m n 


S £ 


Choose a subsequence of 1, 2, ... ( /t^< ••• ) with 

n o Theu l c*\ ■ n o ( 4 ^’ 11 V p h- ’ 


<r+1 

2 < 1 


y V P) - f ^ (p)l W " 11 %- 5 16 * • Denote by T <r the 


> 1 


then T^is measurable. 


set of all P’s for which If- (P) - f, (F) | - -n-y. 

A-cr Af+i c 

and the above integral is dearly = (^) ^(T^) * 5 thus 

Therefore 

r <r ) 5 £ " 51 4 ^ ’-FT**' 


< JL_ 
" 4°“ 


00 QD < ^ 

and hence u(TT V T ) * -for every p * 1, 2, and is thus * 0. 

p«=l <ry 3*4*' 

oo oo 

ffpi T1 H T , then there exists a o ■ p(P) * 1, 2, ..., such that for 

j,=l <r -p 

O' ? j> , P { T • That Is.- If. (P) - f (P)| < JL . As the series 

*<r r+i 2 
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1 

2? 


' p ^l * converges, this proves the existence of l|m £q (P). 
2^ <r - p Ar 

CP-^OO 

oo oo 

as TT 21 

r 1 °“f 


is a set of measure 0, we may redefine all f n (P)’s 


in it and put them =* 0 there (cf. the first pari, of (v)). Then lim (P) 

Co¬ 
exists everywhere. Define f(P) = lim f - (P). f(P) is clearly measurable. 

cr-i-oo \r 

Consider If (P) - t. (P)| Z . If cr—> oo , it converges to 
2 n 

I f n (P) - f*(P) | , and it is always = 0. Therefore 

lim inf $ |(f n (P) - f L (P)| 2 dpOlp) 2 5 |f B (P) - f(P)| 2 dji(J£p). 

(Cf. Corollary 2, Theorem 11.3.7.) Novi assume n * n Q ( £ ). If cr is great 

enough, n Q ( £ ^ a i so » and "thus the J ... dji(Mp) on the left side be- 

< .2 D 

comes = £ . 


Thus tie integral is finite, f 


f £ S D^*(M)' and Wllh “ 


f ■ f - (f - f) £ S n Nov. the above inequality proves Ilf - f II = 

h n Ln 

for n * n (£ ), that is lim f » f . This completes the proof. 


We wish now to discuss the behavior of S. 


with respect tc the 


‘d^OO 1 

conditions C and D of Chapter XII. 

? <r 

Definition 12 ! .3 ; A measurable subset M of D is irreducible , if e very 
measurable subset N of M has jx{ N) = 0 or_ ji(k). 

THEOREM 12 1 .3 : Ever y set of measure 0 ijs. irreducible ; every irreducible 
set has a finite measure . 

Proof: The first statement is obvious, as to the second, observe that 

wa can write D ■ •••, DjC D^c ..., where all D r are measui able sets 

of finite measure. (Cf. Definition 10.2.6.) Thus D M c M, lim u(D ,M) ■ u(k). 

n-^oo' u • 

But as M is irreducible, ji(D ^M) * 0, or y(U) for each n, thus the latter holds 
for all .sufficiently great n. Therefore ^i(M) ■ ji(D n M) * ^(D„) is finite. 
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ThLOkEM 12* .4. If (M) is_ determi ned by a_ countable half-ring ^, 
anc every one-point-set (P), P £ D, is measurable ; then every irreducib le set 
M i?_ m<jasure 0* 2L. else a P £ M with 0 <^i( (P)) < +a; ex ists such 

that M - (P) has the- measure 0. 

Remark: It is clear that any M of this structure is irreducible, and 


that it determines the P in question uniquely. 

Proof: We must prove that if M is irreducible and ^i(M) > 0, then a 
P t M with ^i(M - (F)) = 0 exists, thus that y.{U) = ^i((P)), and hence that 
0 <|i((P)) < + oo (the Latter by Theorem 12’3). 

Write D as a sequence D^, ... • For each n - 1, 2, ..., 

|i(D M) = 0 or = ji(lf); let n^, n... be the n’s of the first kind. 


Then p( y~ D M) - 0 also, ana thus P M / M. Choose a P t M which is 
cr=l l ar cr-1 n cr 

00 

^ 22 D M, that is, P *(. for cr =1, 2, ... • 

T o=l n cr r ‘cr 

Consider ji((P)). If it were < we could by Theorem 10.3.2 and 

the remark immediately following it, find a sequence D ,D , ... with 

P 1 p 2 

CO 00 

(P) <z 21 D ; 2 Then for some p = p , P£D,u(D^) = 

r 1 P p r 1 *!? /> p / p 

cc 

= ^1(0^) = 5 ) < ji(M). Thus = 0, p = n^ for some cr ~ 1, 2, ... 

and we ehoulc* have P £ D , which is impossible. Thus, since (P)dM, 

A cr 

ji((P)) * we must have ^i((P)) = ji(M), ^x(M - (P)) = 0. This completes the 


We now prove the criterion for C : 

P 

THEOREM 12*.bs SL satisfies C n if and only if there exists a 

-D,ji*(M) - 1-~- 

finite number of mutually exclusive irreducible subsets , ..., Mjj of_ D, such 


u(M n ) > 0 for n = 1, ..., N; yu(M - 1^) = 0. 

' n=l 
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If this 1b the case, §p hag N dime ns Iona . 

If ji (11) 1 b_ determined by a oountable half-ring , and every one- 
point-set (P), P £ D, i£ measurable , then we may assume that the M n are one- 
point sets * M n * (P^). 

Proofs The last statement results from the previous ones inmediately, 
by application of Theorem 12*.4. 

Consider first the necessity of our conditions. Assume that Sp 

fulfills C^, and has N* ■ 0, 1, 2, ... dimensions. If ...« are mutually 

exclusive measurable subsets of Sp all with measures > 0, then write 

again D - Dg+ D^c. Dg c • •., all ^i(D i ) finite (of. Definition 10.2,6). 

Then lim ji(D.M n ) - ji(M n ); thuB there exists an i with > 0 for all 

i-*oo n n 

n ■ 1, ..., m. Define 


f n( P > £ 


- 1 for P t T.M 
i n 

0 otherwise 


Then §p ^♦(ll)' beoause K D i M n ^ * T vt, i^ i8 finite * ^ ZI a n f n * then 
m 

the P with ^ a n f n (P) / 0 form a set of measure 0; thus there exists a P £ Djll^ 


n-1 


with 2Z. a n ^ (?) * 0* This Proves a =» 0 for all n = 1, ..., m; thus the 
n-1 n n n 

..., are linearly independent. Hence m ■ N*. 

Therefore the possible m are bounded., Let m ■ I be the greatest one. 

We see that N ■ N*. 

Consider the system ll^ f . M^. If ji(D - ^ 1^) > 0 we oould add 

D - ^ to it) thus ji(D - ^ 1^) - 0. If a measurable M 1 c with ji(M*) / 0, 

ji(lf n ) existed, we oould replace by M», M n » If’; thus 1^ is irreducible. This 
eatablishes the necessity of our conditions, together with the faot that 
Sp has - H dimensions. 
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Consider next the sufficiency of our conditions. Assume that 
M^, are given, as described in the theorem. As is irreducible, 

jx(M n ) is finite, and thus 


f n ( p ) 




for P £ M 
n 

0 otherwise 


belongs to 3 d< ^ (m) . 


Consider now a real-TO. lued f fe S_ 


The set M n S p [f(P) < A ] is 


measurable for every A , and C M^, thus its measure is 0 or ji(M). If we put 
A « - 1 , -2, ..., it converges to 0; thus the measure is not always p(M)j if 
we put A * 1, 2, it converges to M; thus the measure is not always 0. 

Therefore these A have a finite g.].b«: A fl . Now ji(M n S p [f(P) < A q - ~]) =* 0, 
ji(M n S p [f(P) < A n + i]) - J*(M), and therefore ji(M n S p [ A n " i = f vT> - A Q + ) - 

« |i(M) for p = 1, 2, ... • Forming the product of all these sets (for all 
p - 1, 2, ...) we obtain : p(M n S p [f(P) » A q ] ) =* or s 

j»(M n S p [f(P) / Aj) = 0. 

If f is complex valued, we obtain the same thing by forming A n for 
^fCP) and 'i)f(p) separately, thus obtaining A^ and A” ; and then setting 


A i + * A n 


Now it is clear that f(P) / 


M=1 


A n f Q (P) implies 


P £ 


M=1 


M n S p [f(P) / A^] + (D 


MJ. 


n=*l 


This iB a sum of N + 1 sets of measure 0, thus is itself a set of measure 0. 

Therefore f ~ZI A t , and in 8„ , . f 

M*1 n n 


A f . 
M»1 n n 


N dimensions. This estab¬ 
lishes the sufficiency of our conditions, and proves that S_ 


Thus Ct is fulfilled, and S_ „, m .v has 
1 D,y*(H) 


°D,p(U) 
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dimersions. 

Therefore the proof is completed. 

As to the D^we can only give a suificient criterion for (its con¬ 
verse being thus necessary for D^); 

THEOREM 12*. 6: S^ satisfies D 1 if can be det ermined by 

a_ i n £ • 

Proof: We wish to show that, if a choice of $ has been mace in which 


is countable, then S r 


d_ /lT x is separable. We shall replace S * S /..% 

by various subsets, the separability of which implies tl«e separability of S- 

Consider first the set of all real and non-negative functions in S. 

If f(F) E S, then obviously $f(P) and Jf(P) £ S; and thus f (P) = 

« Max (0, #f(P)), f ? (P) = Max(0, - #f(P)), f,(P) = Max (0, £/f(P)), 

c _ 1 3 

f (P) =« Max (0, - d f(P)) are in S and therefore in iL . Now f = 

O Ip 

0=0 r 

(i\ (2 ) - 

And so, if the sequence f v , f v , ... is dense in S,, then the countable set 
3 (n ) 

of all i^f' p 'j n , n_, n 0 , n- l, 2, ...; is dense in S. Thus we need 

- O Leo 

p=o 

only prove that is separable. 

Now wt know that if an f(P) = 0 is measurable, there exists a sequence 

of measurable finite-valued functions f^(P), fg(P), ... with rational values, 

such that 0 = f^P) » f g (P) 2 ... = f(p), fjp) _► f(p). (define f Q (P) = the 

greatest nvmihei of tho form — , p = 0, X, 2, which is = f(P).) Thus 

12 2 U 

J | f(P) - f n (P)l d^i(Mp) —► C, ||f — f ri || —*■ 0, that is: The set S g of all 
functions in S, which have only a fjnite number of different values, all of 
those being rational, is dense in S^. Hence we need only prove that Sg is se¬ 
parable • 


For any measurable subset M of D which has a finite measure, let 1^(P) 


be defined by 
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= 1 for PtM 
= 0 for P ^ M 


Then S n is the set of all functions of the form 3 p 

c L —j cr ifi 

cr -1 cr 


1 , where n=0,l,2,...j 

M cr 

p^,...,p n rational; M^, ..., measurable with a finite measure. Hence if 

is the space of all functions 1^, M as above, and if l^(.o, l^a># ... is a se- 

n 

quence dense in S„, then the countable set of all p 1 (n = 0,1,2,•••; 

o «- J cr M 

Cr* -1 

p^,...,p n rational; p^, ..., p^ - 1, 2, ...) is dense in S^, Thus we need 
only prove the separability of S^. 

If we wish, we may consider the M's themselves instead of the 1^'s as 
elements of S^j only we must then define 

Distance (M, N) - lll M ~ ljl = Sll M (P) - 1 N (P)| 2 ^ 

- S 1 • du(Mj = u((M + N) - MN). 

(M+N-MN) 1 1 

For any of our M’s we have 

* x 00 00 

ju(M) = jl (M) - l.u.b. 2Z where all Ih £ 'JL * &nd M c 21 N,.. 

oo 

Thus if £ > 0, there exists a sequence 11^, N^, ... t $ , M c: 21 lh with 

i=l 

co co co 

p(M) + t - 21 ji(Ni) > ji( 2Z N i ) i Ji(21 N i - M) = £ . Now the sequence of 

n oc 

sets 21 N., n - 1, 2, ..., converges increasingly toward 2Z N.; therefore 
i=l 1 i=l 1 

r co n 

^li(2Zu.) —*-^(21 N^), and there is an n = 0, 1, 2, ... with^i(2lN\) ■ 

oo oc 

» ^i(2I K i ) - 6 , fill N.) = t - Therefore 

n r. oo 

Distance (1L, N.) - u((M *Y H, ) - M ^ N.) = 

i=l y i=l 1 i=l 1 
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-p(i- V “) ME V t » 4 ) • ze ■ 

i-1 1 i«l i-1 1 

n 

Thus, the set 8 d of all sets JI N., n - 0, 1, 2, ...; ¥., ..., N £ 'Ri 1 b 
* i-1 1 in 

dense in Sg« But the countability of ^ obviously implies that of 3^, and 
thus 3g is separable. It follows from our previous remarks, that thiB completes 
the proof. 


The theorems which we have proved enable us to construct many examples 

of functional spaces which satisfy postulates A, B, E and some combination of 

C , D , C„, D_, that is Hilbert space, is of chief interest here. In order 
p <r c i 

to illustrate the reach and working of this method, we shall discuss some 
examples. 


Example 1. Consider a discrete measure (cf. Chapter X, §5, example 1). 
In this case we know that the Bpace D must be countable; thus it is a finite or 
infinite sequence of points P^, Pg, •»., for whioh we may as well write 
1, 2, ... • Eaoh point has a weight w^ « 0. The general element of 
a function f(n), n - 1, 2, ..., may be as well written as a (finite or infinite) 
sequenoe X^, Xg, ... • Then 3^ de ^i n ©d by the requirement that 

T w | x | 2 
4— n n 1 


n 

be finite — whioh condition.is void if the set D (of all n) is finite, and even 

if the set of all n with w > 0 is finite; but an essential restriction if in- 
n 

finitely many n's with w q > 0 exist. The inner product for f ^(x^, Xg, ...), 
g Y v ••• ) is consequently (by Theorem 12* ,6), 


(f. 6)- 

n*l 


w xv 
n n'n 


As is oountable (of. Definition 10.5.1), ji*(m) D x* only 

irreducible sets with a measure > 0 are the one-point-sets (n) with w^ > 0, 
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therefore we huve C 1 or C g according as a finite cr infinite number of n's with 

w > 0 exist, and their number is the dimension of S n ./..t (by Theorem 12’,5). 
n 

If, in particular all w^ * 1, then we are back to the normal forms of 
Definitions 12.15 and 12.16. But we obtain only the cases with dimensions 
“*0, 1, 2, ..., that is the finite dimensional Euclidean spaces and Hil¬ 
bert space. 

Example 2 . Lot D be- an N-dimeusioncJ Euclidean space R^, N ■ 1, 2, ..., 
or a subset of it. V7e coulc choose for y* (ill) the exterior measure originating 
from any Lebesgue-Stieltjes-Radon-measure (cf. Chapter X, §5, Example 4). We 
shall only consider for the moment those ja(M)'s which are absolutely continuous 
with respect to N-dimensional Lebesgue measure ^(M), that is 




where W(P) is any measurable, real, and non-negative function (cf. Chapter XI, 


§ 2 , 3 ). 


Now S_ is the set of all measurable functions f(P) in D for which 

D,ji*(M 

$ | f (P)| 2 djx(M p ) - 5 W(P) 


is finite. The inner product is 


(f, 6 ) - ^(pjiiTTd^Mp) - 5^ w(p) f(p)g(m<ij> je (M p ). 

?Te have W(F) ■ 0 in all of D, but as the omission of all points with Hf(P) ■ 0 
from D obviously does not matter, we may as well assume W(P) > 0 in all of D. 

^can be chosen countable (cf. Theorem 10.5.IS; thus has 

property (by Theorem 12*6). As a countable exists, the second half of 
Theorem 12*.5 shows that the M occurring in that theorem may be chosen as 
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one-point-sets• This contradicts in our case )i(M n ) > 0; thus 8^ can h© 

in case only if ji(D) - 0. As W(P) > 0 in all D, this means that ji^(D) ■ 0* 
Hhen 1^ has dimension 0, it contains only the element 0. Otherwise we 

have the case C^s that is, the combinations Cthen is a Hilbert 


Most of the important illustrations and applications of the theory of 
Hilbert space are of this type. 

Example 5: All foregoing examples lead to spaces fulfilling D^, that 

Is to separable ones. In other words: the dimension was always ■ H Q « We 

wish to show now that any infinite dimension can be obtained. 

Let I be an arbitrary (infinite) set of indices, and form for each 

dl£I the same sett (0, l), with the discrete measure w q - w^ ■ This is the 

case in Examples la, 2, of §6, Chapter X. Form now the direct product 

TJj /Lg' 8111(1 measure by Definition 10.4.3. Put D • m 

* ji*(M), and form their 8^ We shall see that § D has the dimension 

power(l). As this is ■ )V • w © have at any rate Gase C 0 j and according as it 

0 c 

is m -V or > A* we shall have Case D.. or D 0 . 
o o 12 

D • II II Zl is the set of all functions x - x(<*»), where ok £ I, and the 
*£I 4 

values are 0, 1. Define now a function F. (x), for each <x g I, by 

<*o o 


** 0 <*) ■ -1- 

Clearly F_. (x) is always * * 1, and in particular - 1 in (1) % 7] Jf 

0 ___ <*£I A 

and in - -1 in 0 ^ ITT 21*. ***° 

* ai * 

* t*o 

This proves that F. (x) Is measurable, and that for any finite subset 

Cf I j | F* (x) is also measurable. Further| | J F,. (x)|^ - 1, so that 

0 • 

Jl ir/*o (l) l " 11 thUfl all ol4^o (x) belong t0 § D>(M) *** are nor " 
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malized. One can verify easily that IT (x)dtf(ll) = 0 if <zf / 0; 

<* 0 *9”0 ' 3C 

but as I I P (x) • | | F (x) » | r (x), this proves 


s. T ? *- (,> 
5 


TT F „ (*) • d f>(M ) - 0 if gS / V-. Thus the 
o^ey- <^o I x 


J D *<,*<? 

| | F^^x) form & normalized orthogonal systtn. in p*( jjJ* 

But this system is complete. This is shown if we prove that their 

linear aggregates are everywhere dense. Now we saw in the proof of Theorem 

12i.6 that those of the (n=0,l,2,...; . ,N^ L '&) are every- 

lZ~i l 

where dense; thus it sulfices to show that each 1 * N 

INjx) 

u«i 

gate of certain of our functions. 


is a linear aggre- 


Now 


each N fc ^ has obviously the form M II II . where 

<*eT<P t 


M € II |) y~.,. and 0 is some finite subset of I. We can replace 0 here by 
<**+. ‘ ! ° n 0 

any finite setV*c0 c: I. Thus each ]>_ N., N. € 'Dt, , has the same form. 

° i=l 1 1 

Because of the obvious additivity, it suffices to consider the case where M 

is a one-point set; let its element be (x^; c* 6 0^), where x^ = 0, 1. Then 

tie set to be considered is L » ~H [T (x. )2fr"H (T ^To> or if* we put 

* 6 0 0,1 *6 1-4 0 * 

0^ ■ 0 + + 0 , where x^ =» 0 in 0 and x^ = 1 in 0 + , then we have: 

L - II II" (0)* II II (1) * If ~II . , ZI 9 - This formula implies 

U*) “TT id - -T(*)) • TT id * £(*» 

which is clearly a linear aggregate of | | F (x) f s. This completes the proof 
_ *o fe ? 0 

of completeness for the I I' 57 (x). 

Thus the dimension of S-, ~/ 1T x is the power of the set of all I I F (x), 
D,u(M) * *o 

that is of the set of all finite subsets 0 of I. This is 1 + power (I) + 

+ (power (i)) + ... • It is clear that this power is - power (I); but as I is 
infinite, it is even - 1 + power (i) + power (i) + ... » 1 + M 0 * power (i) ■ 

- 1 + power (I) - power (I). Hence the dimension Sp 


is the arbitraryly 
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prescribed (infinite) power (I). 

Note that in spite of the non-separability of S^ (if power 

(I) > N ), the total measure of D is finite: 


£(D) -? ( U ^2 } " 1 


Other important examples of functional spaces satisfying our postu¬ 
lates originate from the theory of almost periodic functions. Thus the H.Bohr 
almost-periodic functions fulfill A, B, Cg, Dg, Eg, while A. Eesicovitch*s 
generalization of these functions fulfills A, B, Cg, Dg, E^. (The latter 
Bpace is isomorphic with the complete extersion of the former in the sense of 
Theorem 12.1b. Its dimension in the power of the continuum, jV .) But we do 
not intend to give further details of this subject here. The reader may be re¬ 
ferred to the monograph of A. Besicovitch, "Almost periodic functions", Cam¬ 
bridge, 1932. (Cf. in particular Chapter II there, and its appfndix, pp.67-128 
especially pp.109-112.) 
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CHAPTER XIII. 

LINEAR OPERATORS. 

It is assumed in this chapter that S satisfies Postulates A, B, 

and 

Definition 1 5.1. The direct product of S by itse]f , S )( S, is the 

set of all ordered pair s, ^f, f 1 > , where f and f‘ arc elements of S, In 

S X S, a ^f, f O is_ taken to be (af, af ’ ^ , (f, f+ (g, g f ) is^ taken to be 

<f + g, f»+ g f > , and (<f, f» > , <g, g* )) is taken to be (f, g) + (f', g 1 ). 

It is apparent that S X S satisfies Postulates A and B. If <f^, g^ ) , 

(fg, &2^ 3 *** a ^ undfcumen ^ a ^ sequence of elements of S X S, then it is 

readily seen that this sequence has the limit <f, g^in SX S, where 

f « lirc f and g » lim g n * Hence SX S satisfies Postulate 
n-^oo n-wo 

Definition 18.2. An operator ( in S) is. a. function 0 which is de¬ 
fined over some subset D of S and which has one or more value s 0$ in S corres¬ 
ponding to each element f of. D. The set D ijs. calle d the ( definition ) domain, 

D (0), of. 0, The set of all values 0f, f £ V{0), is. called the range , R(0), 
of 0* The set of all elements <f, )fr), f £ V(0) and 0f £ R (0), i£ called tte 

graph, Q{0), of. 0, Thus D (0) c S, R(^) c S, and G(0) c S X S. 

To say that (f, g) £ G(0) thus means that f £ D(0), g t R(j^), $f 
exists, and one of its values is g. 

Definition 13.5. An operator 0 .is. called 1 inear if G(0) is_ l..m. 
THEOREM 13.1 . If 0 is linear, then V(0) and R(0) are l..m.'s.. 
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Proof: If<Jf, (j!if) 0 > and (fe) Q ) are elements of Qt{fb), where (jzif ) Q 
and (jZfe) Q are particular values fb .f and jrfg, then (f, (jzff) o > + ^6# (^g) 0 ^ ■ 

-<f + g, (j*) o + (A) q > fc G(/rf), and a <f, 0*) Q > - <af, a(*ff) Q > 6 G(/(). 
Therefore (f + g) £ D(jzf) and af £ D (fb), so that V(f6) is a l.m., 

[Q&*) 0 + (^6) Q ] 6 R 00 and a(/fr ) q 6 R(^), so that R($) is a l.m., fb(f + g) 
exists and one of its values is ( ( 0f) Q + (jd&) 0 » and fb(af ) exists and one of its 
values is a(jeff) Q . 

As every linear set contains the zero element, ^0, 0) is in the graph 
of every linear operator. 

Definition 13,4, An operator fb is called single - valued (£.v. ) if 
there is associated exactly one value )Z(f with each element f £ D(jrf), 

Thus, if fb is s.v. and if <f, g^> and ^f, gg') are in G(fb), then 

6j“ 6g “ fa- 

THEOREM 13,2, A necessary and suff3 cient conditio n that ia linear 
operator fb be^ s_.v. is_ that fb( 0) have the unique value 0. 

Proof: By the remark above, 0 is one of the values fb( 0). Hence the 
condition is necessary. To show that it is sufficient, suppose that ^f, g^ 
and (f, g 2 ) are elements of G(jtf), Since fb is linear, (f, g^ - <f, gg> * 

- (0, g.^ - gg > £ G(fb)» Thus g 1 « gg is one of the values fb( 0), Sinoe the 
unique value of fb(0) is 0, g^- gg - 0, and g^ = gg. Therefore f( is s.v. 

By an argument similar to that used in the preceding proof, it may be 
shoTim that if fl is linear and if $ has two different values associated with 
some element in D(jzf), then fb has infinitely many values associated with each 
element in D(jrf). 

If fb is s.v. and linear, and if f and g are in D (fb), then f + g and 
af are in D(cf) , and f6( f + g) » fb? + jrfg and jz!(af) * aj^f. 
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Definition 13.5. An operator is ca lled continuous if it is con- 
tinuous at every point of its domain D(jd) (cf.Definition 12.6). 

It is apparent that this definition is meaningful only when is s.V. 
Hence, if an operator is described as being continuous, it is also described 
as being s.v. 

It is desirable at this point to make a digression from the general 
theory of operators in order to discuss in detail a particularly important 
special class of operators, the projections. 

Definition 13.6. If_ M is_ a_ £_*1_»£. in_ S, i£ f € S, and f » f^+ f^, 
where f^ £ M and f ^ t <=> M (by Theorem 12.23, the representation f^+ f^ is 
unique), then f ^ ij3_ called the projection of f on M and the operation of pro- 
jecting f on M is denoted by P^f = f ^. (Note that projections are defined 
only with respect to o.l.m.'s.) 

THEOREM 13.3 t A necessary and sufficient condition that an operator 

E be a projection P^ is_ that 1) E is s_.v., linear , with D(E) » S, 2) (Ef, g) ■ 

2 2 

* (f, Eg) for every f and g in S, and 3) E ■ E, wher e E ia_ defined to be EE. 

V is uniquely determined by E. 

Proof of necessity: Condition l) is immediate. 2) If f and g are in 

S, then f * f 1 + f g and g =• g 1 + g g , where f 1 6. M, f g £ <2> M, g^^ £ M and g g £ O M. 

Then (Ef, g) =■ (fj, gj + g g ) - (f^ g x ) and (f. Eg) - (fj + fg, g x ) - (fj, gj). 

o 

3) Ef = f^ and E f 3 E(Ef) * Ef.^ * f^ (the decomposition of f ^ £ M being 

V V 0). 

Proof of uniqueness of M; If there exists a c.H.ir. M such that E * F^, 
then, for any element f of S, Ef 3 P^f. If f £ M, then Ef - P^ - f; if f is 
not in M, then Ef * Pj^f f f . Hence M is the set of all solutions of the equa¬ 
tion Ef * f, and R(E) 3 M. Now let g be any element of S and let Eg ■ h. Then 

2 2 

Eg* Eh. Since E * E, Eh * h, and h £ M. Therefore R(E) C M, and thus 
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R(E) ■ If. This completes the proof* 

Proof of sufficiency* Let M be the set of all solutions of the equa¬ 
tion Ef • f.’ Then, as in the preceding proof, M - R(E). Since E is linear, 

M is linear (Theorem 13.1). It will now be shown that E is continuous. By 
Schwarz* s Lemma, ll Bf || • II f II - | (Ef, f )| - | (E 2 f, f) | - |(Ef, Ef)| - (Ef, Ef) - 
» || Ef*|| 2 for every f fc 8. If ||Ef|| > 0, this relation may be divided by ll EfII 
with the result that Ilf|| * |lEf|| • But this last condition obviously holds if 
|| Ef|| * 0, so that it holds for all f fc S. Hence, for any f and g in S, 

II E(f - g)|| ■ ||Ef - Egll * Ilf - gl| , and E is continuous over S. Therefore M i8 

closed, so that M is a o.l.m. It remains to show that E =■ P^. Let f be any ele 

ment of S. Then f ■ Ef + (f - Ef)• But Ef is in M. Since E 2 f ■ Ef, Ef - E 2 f ■ 

p 

If g is any element of S, 0 * (Ef - E f, g) - (f - Ef, Eg). If g runs through 

S, Eg runs through M. Hence (f - Ef) ± « 3 > M and E * P^* 

Remark 1* If E is an operator satisfying conditions 2) and 3) of the 

2 

preceding theorem, then, since (Ef, g) * (Ef, g) - (Ef, Eg), it follows that 
(Ef, Eg) - (Ef, g) - (f. Eg). Conversely, if E is such that (Ef, Eg) - (Ef, g) 

for every f and g of S, then conditions 2) and 3) obtain, for (Ef, g) ■ (Ef, Eg) 

• (Eg, Ef) - (feg, l) - (f. Eg) and (Ef, g) - (Ef, Eg) - (by the preceding equa¬ 
tion) (E(Ef),g) ■ (E 2 f, g), so that (Ef - E 2 f, g) ■ 0. If g is taken to be 

Bf - B Z f, then Bf - E 2 f - 0 and E Z f - Bf for all f . Hence E Z - E. 

Remark 2 * It should be particularly noted that, from the proof of the 
preceding theorem, if E * P^, then M is the set of all solutions of the equa¬ 
tion Bf - f, and M - R(E). 

Remark 3; Sinoe (Bf, f) - (Ef, Ef) - IISf || Z , (Ef, f) is real and non- 
negative. But It was shown that llsfll ■ ||f|| , Hence 0 ■ (Ef, f) - ||f|| Z . 

Remark 4* Certain projections are of particular interest. 

1) If M - [0], 0. 
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2) If U - S, P M - 1. 

3) If M - [vf ], where M = 1. Pyf = P jf - (f.Y )S> • 

4) p eM f - f - v “ < x - 80 that P ® li = 1 ‘ V 

The preceding remark has some noteworthy consequences. 

Remark 5: If E is a projection, 1 - E is als o a projection, and since 

E ■ 1 - (l - E), it follows that E is a projection when and only when 1 - E is 

2 

a projection, (This may be verified by the following computation* (l - E) « 

«i-e-e + e 2 = i-e. ) 

Remark 6t If E 3 P M , then 1 - E * Thus ®U is the set of all 

solutions of the equation (1 - E)f = f, that is, of the equation Ef ■ 0, More¬ 

over, QM = R(1 - E). 

Remark 7: If E ■ P^, then we saw that Ef = 0 as well as llEfll =* 0 are 
characteristic for f t <£> M. Ef a f is characteristic for f £. M, Thus 
||Efl| -IlfII ia necessary. But it is also sufficient, because it implies 
11(1 - E)f || 2 - ((1 - E)f, f) - (f, f) - (Ef, f) - Ilf l| 2 - llEfll 2 * 0, 

(1 - B)f - 0, Ef - f. Thus Ef = f as well as )lEfl| - )|f|| is characteristic for 

f £ M. 

THEOREM 13.4. If E and F are projec tions in S, then a neces sury and 
sufficient con dition 1) that EF be_ projection is that EF ■ FE, 2) that E + F 
be projecti on is that EF + FE * 0, another such condi tion bein^ that EF » 0, 
and a third such condi t ion being tha t FE - 0, 3) that E - F be a projection is 
that Ef * F, another such condition being that FE * F. 

Proof: It is obvious that EF, E + F, and E - F are linear, s.v., and 
defined over the whole of S. 

Part 1) Since (EFf, g) »(Ff, Eg) - (f, FEg), the condition EF - FE is 
necessary and sufficient that (EFf, g) ■ (f, EFg). Moreover, the condition 
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EF - FE is sufficient that (EF) - EFEF - EEFF ■ EF. Hence the condition 

EF » FE is necessary and sufficient that EF be a projection. 

Part 2) It follows immediately that ((E + F)f, g) » (f, (E + F)g). 

Since (E + F) 2 =* E 2 + EF + FE + F 2 ■ (E ♦ F) + (EF + FE), the condition EF + FE - 0 
is necessary and sufficient that E + F be a projection. But from the condition 
EF + FE - 0 it follows that E(EF + FE) - (EF + FE)E - E 2 F - FE 2 * EF - FE - 0, so 

that EF - FE - 0. Conversely, if EF - 0, then since 0 is a projection, EF is a 

projection and, by Part l), EF = FE. Hence EF + FE - 0. Therefore the condition 
EF * 0 is necessary and sufficient that E + F be a projection. Since E + F is 
symmetric in E and F, the condition FE * 0 is also necessary and sufficient . 

Part 3) E - F is a projection when and only when 1 - (E - F) » 

■ (1 - E) + F is a projection. By the preceding part, either of the conditions 
(1 - E)F * 0 or F(1 - E) ■ 0 is necessary and sufficient that E - F be a projec¬ 
tion. This completes the proof of the theorem. 

It follows from the above proof that EF is a projection if either E + F 
or E - F is a projection, 

THEOREM 18,6 1 If E - P M and F = P N> then EF - P^, B ■*- F = N j f 
and E(1 - F) - ^(<0 N ) when EF, E + F, and E(l - F) are projections . 

Proof: It is obvious that if EF ■ P^, then L c MN, for if f is any ele¬ 
ment of S, then E(Ff) £ M, F(Ef) £ N, and EF - FE. Conversely, if f is any ele¬ 
ment of UN, then Ef * f, Ff ■ f, and thus EFf * Ef - f, so that MN c L. Hence 

L * MN. * Again, if E + F ■ P L , then Lc tM, N}, for if f is any element of S, 
then (E + F)f ■ (Ef + Ff)£ {M, Nj • Conversely, if f is any element of [M, Nj, 
then f - g + h, where g €. M and h t N. Hence (E + F)(g + h)«Eg+Fg + Eh + Fh. 
But Eg * g and Fh * h, so that (B+F)(g+h)«g+h+ FEg + EFh * g + h since 
EF ■ FE * 0. Hence LO [M, Nj, and therefore L * $M, NJ. But L is closed, so 
that iM, N] ■ [M, N]. The rest of the theorem is immediate. 
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THEORt-h 1; . 6 . If E * and F = P N and BP 1 * FE, then lK, Nj =* [M, Nj 

if” * F - EF = P [M<N] ” 

Proof: In the proof of Theorem 12.5 it v*as shown that [M, N] = [M, N] 
if EF * FE = 0. Eut r.ow the hypothesis is merely that EF = FE. Since E(l - F)* 
* (1 - F)E, therefore E’ = E(l - F) is a projection, say P^ t . Since E‘F = 0, 

E* + F is a projection and, by Theorem 13.5, [M*, N] * [M* , Nj. But EF and 
E' + EF = E are projections, and [M*, MN ] - [M f , MNj M. With the aid of these 
two representations of M, it follows that, since MN C N, [M, Nj 3 Iw , MN, Nj * 

- {M», Nj and [M, N] = [M*, MN, Nj - [M*, N]. But [M», Nj - [M’, Nj. Hr nee 
[M, N j * [M, Nj. 

By Theorems 12.22 and 12.24 it follows that [M, Nj ■ <=> (<=>Mcs>N). Hence 

P [K,N]“ 1 - - V (1 - P N ) ” 1 - 0 - *)(1 - F) = B + t - V. 

In order to generalize the preceding theorem to the case where EF / FE 
it is necessary to introduce the following defintion and prove the following 
theorem. 

Defi nition 3 £.7: If_, J^, ... is h sequence XI of s.v. operators , 

if f is an element o£ fl M ^ such that lim P f exists , and if D is_ the s et of 
n=l r ‘ n-5-oo r 

all such el orients f, then 21 i^ said to havt_ a lin it over D, and , for f t D ■ 

» D(jZ)'), j is = lim 0 f. 

n-*oo 

THEORE M 13,7, If E * P^ and F ** P^, then 1 lie sequ ence 21of oper a tors 
E, FE, EFE, FEFF., ... has a limit G, the sequence Xlg* F, EF, P^EF, ... has the 
same limit G, and G - P^. (The condition EF * FE need not hold.) 

Proof: Let A n be the n ^'* 3 operator of the sequence 2Z^» Then 
(\ f * A n e ) “ ^ A m+n-£ f ' where * 55 1 if m and n have the same puarity and 

£ » 0 if m and n have opposite parity. It must be show; that if f is any ele¬ 
ment of S, then lim A f exists. But HAf-Af|| 2 = (A f - A f, A f - A f) * 
n mn m n m n 

n-»*oo 
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- <v* V> - ( V* - ( V* V> + ( V-V>- ( A 2*-i f ? f ) * (W* f > - 

- 2 <w f - f). (Since m + n - fe is always odd, the last term of this ex¬ 
pression may be written as ^(Agj^f, f).) & it can be shown that 11m (Ag^f^f) 

i—►oo 

exists, then the limit (as n-Mo and n-^oo ) of this last expression exists and is 

zero, so that lim A f exists. Now (A 2i- ^f,f) ■ (A^f, A^f) * llA^f II • Likewise 
9 n-KD n 

||A i+1 ^H - U 21+1 f, f). But A 1+1 f is either BA ± t or FA^f, so that, by Remark 3, 

U 1+1 f It - lAj.fl . Hence (A^f.f) - (A 2i+] f, t). Therefore (A^. f) - (Ajf.f)- 

(Agf,f) - ... - 0. Thus lim Ug, J^f) exists; therefore lim A Q f exiBts; let 
^ i-eoo n-!£CO 

it be denoted by f • If G is defined by the condition Gf - f , then D(G) - S 

and G is s.v. It is obvious that G is linear. But lim (A^f* A fl g) ■ 

m,n-*co 

■ lim (A, _ f,g), so that (Gf, Gg) • (Gf, g). By Remark 1 and Theorem 13^.3, 

m,D-*oo 111 n “ £ 

G is a projection P^. 

If f is an element of MN, then Bf ■ Ff » f, A Q f - f, and Gf - f. By 

Remark 2, f £ L, so that MN c L. Since BAg^" Ag^and FAg^- Ag^, it follows 

that, if i-*co , BG ■ G and FG * G since E and F are continuous. Let g be any 

element of S and let Gg - f. Then Ef « f and Ff - f, so that R(G) - L c MN. 

Thus L - MN. 

By interchanging E and F in this argument, it is seen that ZZg has a 
limit G* - P^, so that G ■ G*. 

Corollary t If B ■ and F - P^, then Pj M 1 - G f , where G* i£ the 
limit of the sequence (l - B), (l - F)(l - B), (1 - B)(l - F)(l - B), ... . 

Proofs By Theorems 12.22 and 12.24, [M,N] ■ © (© M © N). Hence 

P [M,N]" P © (© M© H)“ 1 " P ® M® I - 1 ' 

If B • Pj| and F ■ P^ do not oonmute, it is still the oase that iM, N j » 

■ [M, N] in Buolidean spaoes of finite dimension, but it is not neoessarily the 
oase in other spaoes, suoh an Hilbert spaoe* 
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If E * P M and P - P^, then the condition E - F is taken to mean M c H. 

It is readily seen that this sign of inequality as applied to projections has 
all the usual properties of this symbol. M cN means Pf ■ f for all f £ M, that 
is for all f ■ Eg. That is t FEg * Eg for all g, orx FE - E. Thus E - F is 
equivalent to PE - E, and to the equivalent statements in Theorem 13.4, 3). 

The assertion that M and N commute is taken to mean that E and F com¬ 
mute, that is, that EF - PE. If M and N are orthogonal, Mi_N, then E and P 
are said to be orthogonal. Now M-LN means that 0 - (Ef, Fg) a (f, EFg) for 
every f and g in 3. Since the relation holds for every f, it states that EFg ■ 0 
for every g, that is, EF - 0. Thus the orthogonality of E and F is equivalent 
to EF ■ 0, and to the equivalent statements in Theorem 13.4, 2). 

THEOREM 13.6. The condition E » P is equivalent to the condition that 
1 bt|| -||Ffl| for every f £ 8, where E and F are projections . 

Proof: If E * F, then, by the above remark, EF *> E. By Remark 3 fol¬ 
lowing Theorem 13.3, l/Ef|| - l|EFf|| - ||Ff|| • Conversely, the second condition im¬ 
plies the first, for let E - P^ and let F ■ P^. Then if llEfll - llPfII for every 
f £ S, then in the case where f £ M, Ef ** f and |lFfll*||f|| • Therefore, by Re- 

mark 3, (Ff,f) - iFfll 2 - ||fl| 2 - (f, f) and ((l-F)f, f) - 0. Since F is a pro¬ 

jection, 1 - F is a projection and ((1 - F)f) « )(1 - F)f || 2 » 0. Hence 
(l - F)f * 0 and Ff ■ f, so that, by Remark 2, f £ N. Therefore M c N, that is, 

B ■ F. This completes the proof of the theorem. 

Corollary : If E - F, then |Ef|| - ||Ff|| is_ equivalent to Ef * Ff. 

Proof: As P - B, E, P are projections, we have |lFf - Ef|| ^ - 

- II(F - B)fl| 2 - ((F - E)f, f) - (Ff, f) - (Ef, f) - (Ff B 2 - ||Ef || 2 , and thus 

llBfll - IlFfll means Ff - Ef - 0, Ef - Ff. 

THEOREM 13.9. If_ E^,..., E n are projections, then a necessary and suf- 
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ficient c ondition that E^ be_ — promotion is that E E^ * 0 whenever p / <r • 

Proof* It is apparent that 21 E. satisfies conditions 1) and 2) of 

i ' 1 n n 

Theorem 13.2. If E E « 0 for o / <r , then (21 E, ) 2 ■ 2“" (E?) + V* E.B. - 

n y 1 1 i.iri 1 a 

■ 21 80 that condition 3) is also satisfied. ^ r 5 

i-1 1 

Thus the condition of the theorem is sufficient. 

If E. is a projection, then, for every f £ S, »f ii 2 * ii (i b. )f ii 2 - 

i-i 1 i-i 1 

■ (V* E.f, f) * T llE.f ll 2 ■ He f II 2 + He fll 2 , where p / cr • Let g be any 

i^l 1 1 p o* J 

element of S and let E g w fj then B f ° f. By the preceding inequality, E^f * 0. 
Therefore E^E« 0 for every g, so that E^B^ - 0 for p / O' • Thus the condi¬ 
tion of the theorem is necessary, 

THEOREM 13.10. If a sequence of projections B^, Eg, ... is such that 
either B. ■ B 9 ■ •». or B 1 - E„ ■ •.•, then the sequence has a limit E which is 


Proof t If B x - B 2 - .... then by Theorem 13.8, IIBjf II 2 - ||Bgft| 2 - 

- ... - 0, .here f ie any element of S. The sequence Blt^f l| 2 , JlEgfll 2 , ... there- 

forehas a limit, so that there exists a member n^ such that, for m and n > n Q , 

Ills_fl| 2 - llB.fll 2 I < l • Since the B's are projections, thiB condition becomes 
m n \ 

|(B n f-, f) - (B n f, f)l < S (of. Remark 3), that is, | ((B^- S n )f, f) | < £ 

for m and n > n • If m ■ n, B ■ B , and, by the remark preceding Theorem 13.8, 
o m n w. 

8I - B„ ie a projection. If m > n, B - B is a projection and l((B - B )f,f)| <6. 
In ZL n s n in. 

In any event, II (J^- B n )f II 2 ■ llB m f - * n f || 2 < £ for m and n > n Q . Therefore 
lim B.f exists; let this limit be f*, Let B be defined by the condition Ef ■ f*. 

i-SKD 1 

But B is s.v., linear, and defined over all S, and sinoe (Sjf, B^g) - (l^f, g) 
for all i, (Bf, Bg) * (if, g) by continuity. Hence, by Remark 1 and Theorem 13.3, 
1 is a projection, and the first part of the theorem is proved* The seoond part 
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follows immediately from the first and the fact that if E » F. 1 - E * 1 - F. 


E 1 “ E 2 


Corollary l : In the precedin g theorem, • Eg « 


Corollary 2tin the preceding theorem, if F is a projection such that 


\ \ " F for all i, than E ® F or_ E * F; hence E i£ the greatest 

( smallest ) projection sa tisfying the conditions of the preceding corolla ry. 

Corollary 3 : In the preceding theorem, if and E = P^, then 

M - TT M ± or M » [M x , Mg, ...]. 
i=l x 

Proofs: The proofs of all those corollaries are apparent. 


It is now desirable to resume the development of the general theory of 


operators. 

If y i , *f 2 , ... and 4^, ... are two (not necessarily countable) 

complete o.n. sets in S, then the set of all elements <4^, 0^ together with 
all elements <0, ^ ^ is a complete o.n. set in S X S. Thus the dimension of 
S X S (cf. Definition 12.7) is double the dimension of S. If it is infinite, 
therefore the two dimensions are equal (cf. Hausdorff, p.7l). 

Lot X be the set of all elements <(f, 0) in S X S and let Y be the set 
of all elements <(0, f )> . Then X and Y are c.l.m. *s in S X S. If ^g, g T )J_X, 
then (^f, 0>, <g, g‘ ) ) ■ 0, (f, g) = 0 for all f S, and g = 0. Hence 


© X ■ Y, and, in the same way, (S> Y = X. Let 1^ be the isomorphism mapping S on 
X: * (f, 0) , and let Iy be the isomorphism mapping S on Y: Iyf - (0, f ) • 

Then I* 1 and Iy 1 map X and Y on S. If P^ <(f, g) is defined to be <f, 0) for all 
g, and if Py^f, g^ is defined to be ^0, g^for all f, then P^ and Py are pro¬ 
jections of S X S on X and Y. It follows from this discussion that D(jrf) * 

" ^ R (*0 “ I^CPyG^))) conversely, G(^) is the set of all sums 

<(f, 0) + <0, g) , where f fc D(/) and g is one of the values fi f. 
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Definition 15.6 : An operator ft called closed if G(jrf) ia closed. 

Let f^, fg, ... be & sequence of elements of S and consider the follow¬ 
ing five conditions* l) lim f ■ f, 2) f t D (fl) for each n f 3) lim (f^ n ) 
n-e*© n n n-*oo 

exists (denote it by f Q ), where (f^ n ) Q i® one of the values # n . 4) f t D(jrf). 

and 5) f is one of the values 

THEQRB& 13.11. That fl is_ closed MBans that conditions 1), 2), and 3) 

(in the preceding paragraph) together imply 4) and 5); that jrf ja continuous means 
that 1). 2), and 4) together imply 3) and 5) (where now 5) means that ffc » f Q )j 
if fl i£ linear, than the continuity of /( is_ sufficient that 1) and 2) together 
imply 3). Hence if_ jzf is_ closed^ linear , and continuous , its domain is closed . 

Proofs To say that G(/tf) is closed means that, if P^, Pg, ... is any 
fundamental sequence in G(jtf), then the sequence has a limit in G(jrf). But the 
statement that P^, Pg, ... is a fundamental sequenoe in G(^) is equivalent to con¬ 
ditions 1), 2), and 3), and the statement that the limit is in G(jrf) is equivalent 
to conditions 4) and 5). The second statement follows immediately from Definition 
13.5. The third statement results by applying the second to the double sequence 

f - f , where it is remembered that S is complete, 
m n 

It should be noticed that the olosedness of fi does not imp]y the olosed- 
ness of either D(>rf) or H(jrf). 

Definition 13.9* If Q(fl) C G(P), then P da called a continuation of $ 
and fl is_ called a contraction of P; this relation between fl and P is^ indicated 
by the notation fl c P. 

Definition 13.10s Jl is that operator whcs e graph G(j?) is iG(jrf)] j j s 
that operator whose graph G(j8) is [G(jrf)]. Thus JH D j? D fl* 

This definition may be reformulated as follows* D(jSf) Is the set of all 
elements a^f^* ••• + a n f n » ^© re •••» f n h D(jrf), and $( a 1 * 1 + ... a n f n )„is 
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the set of all values ... + a^J^f^. D(j?) is the set of all elements" f 

such that 1) there exists a sequence f^, f^, ... of elements in D($) with li¬ 
mit f, and 2) it is possible to select a set of values ($f^) Q , (j&f 2 ) Q , ... such 

that lim (0f ) exists. (By (jfe ) is meant one of the values 2f .) Let 
r n'o N n'o n ' 

n-^oo 

f ° *» lim (j?f ) . ^f is the set of all possible values f° arising from all pos- 
n-*»oo 

sible sequences f^, f^, ... of the sort described. 

For any operator jtf, $ and j? ere linear. (Cf. Theorem 13.1). If an 
operator is s.v., then each of its contractions is t s.v.; for example, if %( is 
s.v., then is s.v., and if j? is s.v., then $ and 0 are s.v. But if jZf is s.v., 
then in general neither $ nor $ is s.v., and if ft} is s.v., then in general jtl is 
not s.v. As mentioned above, D(j?) may not be closed. 

Def I r ition 13.11. The i somorphism U <f, f 1 > = < -f *, f> maps S X S on 
itself and will always be denoted by U. 

It is obvious that U is linear, that « -1, and that U 4 = 1. Thus 
U^M ■ -M, and if M is linear, U^M = M. If F and G are in S X S, Then (PF, UG) * 
- (F, G). Thus llUFll = IlFll . The condition MIN implies that UMXUN. Finally, 
<=> (TJM) - U( 3 M). 

Defi nition 13.12 . If UG()^)_L G(P), then ft ia_ said to be partially ad¬ 
joint to P. 

THEQRI'h 13.12 . A necessary and sufficient condition that fi be_ p artially 
adjoint to_ P is_ that (jtff, g) = (f, Pg) for every f a D(j$)> every g £ D(P), and 
all values ffc and Pg. 

Proof: If f t D(jef) and g t D(P), then, for any values jZff and Pg, 

U<f, #>_L<e, Pg>, i-jk, f>-L<e, Pg>, ( <-fr, f>, <g, Pg>) - o, 

g) + (?» = 0» a ^d the condition is necessary. A reversal of the argu¬ 

ment shows that the condition is sufficient. 

Corollary : If ^ i_B partially adjoint to P, then P is_ partially adjoint 
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to ft 

Proofx By Theorem 13.12, (jk, g) - (f, Pg). Henoe (fa, g) « (f, Pg), 
that is, (Pg, f) - (g, jk). 

If tJG(jzf) JLG(P), then G(F) c© (9g(0). Henoe if P ie such that G(P) - 
* O UG(^), then P is the maximal operator partially adjoint to ft This leads to 

Definition 13.13 . The operator ft such that G(ft ) ■ © UG(^f) is_ called 
the adjoint of ft 

B|y Theorem 12*22, t every adjoint is closed and linear. 

Since UG(^) J^G(ft), it follows as in the proof of Theorem 13.12 that 

(jk, g) ■ (f, jtf*g) whenever fa and ft g have sense* Conversely, D(ft) is the set 

of all elements g of S for which there exists an element g* of 3 such that 

(jk, g) - (g, g*) for every f & D(^) and all values jk, and B(ft) is the set of 
* 

all g corresponding to g. 

If $ c F, then, by Theorem L.22, ft P*. Since G($) » f G(jrf)] and 
G (ft) - [G(jrf)], the same theorem shows that ft - ft - ft. 

THEOREM 13.13* ft*- 3 fa 

Proof* By Theorem U2.24, G(ft*) - <s> U(<£> UG(ft) « <S> 9(9 <=> G(ft ) - 
-©FWgO*) -e (-feG(jZf))} -<=> ©G(^) - [G(ft] - G(?). 

THEOREM 13.14* ft iis s_.v. when and only when [D(jrf)] - S. 

Proof* Since ft is linear, it follows by Theorem 13.2 that it is suf¬ 
ficient to Bhow that ft(0) has the unique value 0 when and only when [D(jrf)] 111 S* 
Suppose that h is any value of ft(0). This means that {0, h) J_ 9G(/f), 

9 Co, h> J- 9 2 G(jrf), and <-h, 0> -L -G(^)* Thus for any f t D (ft and any value 
fa» 0^* -fay ) m 0 and (h, f) - 0. Henoe hXp(jrf), hX[D(jrf)], 

and he.© [D(jtf)]* Therefore h • 0 is the unique solution of these conditions 
(i.e., ft is s.v • ) when and only when© ■ (0)* But this condition is 

equivalent to the condition that ©© [D(j0)] m O(0), that is, that [D(jrf)] - 8* 
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(Cf. Theorem 12.24.) 

Corollary 1, linear , then 0* is_ s_. v. when and only when 

D(jzf) is_ dense in S. 

Corollary 2 : 0 is_ s_.v_. when and only when D (^*) is dense in S. 
Corollary 3 : If P is_ partially adjoint to 0 and if [D(P)j * S, then 

0 is. £.▼. 

Corollary 4: In Corollary 3, if D(jrf) * S, then = P* and P ■ /rf*. 
Corollary 5 : jtf € V* implies jtf*3 9^*. 

Proofs: Corollary 1 follows from the fact that D(jrf) is linear. Cor¬ 
ollary 2 follows from Theorems 13.13 and 13.14 and the linearity of ft • Corol¬ 
lary 3 follows from Corollary 2 and the fact that 0* P. With regard to Cor- 

/* * >* /** * 

ollary 4: by Theorem 13.14, Jo and P are s.v. Since jo 3 P, |3 C P and 

C P*. Since D(jrf) = S, * P*. Hence jtf* - P**» ?. Corollary 5 is obvious. 

Definition 13.14: 0 ij3_ called Hermitian if 0 is_ pi rtially adjoint to 

itself, that is , if (0? , g) =* (f, J^g) for every f and g in D(jtf); 0 i£ called 
self-adjoint (s^.a.) if a ft, 

THEOREM 13.15? If 0 ±b^ s.a., then 0 i£_ Herm it ian. 

Proof: (jzfe*, g) = (f, ft&) * (f, jfe). 

THEOREM 13.16 : If £S_ Hermit ian, then jtf* 3 jtf**3 jzf. 

Proof: ft z> 0 since jtf* contains any partial adjoint of jrf. Hence 
ft*<l since jtf**3 0, ft jzf * ^ jzf. 

Corollary : If 0 is_ s.a., then ft =* jzf** = 0, 

Proof: The proof is apparent. 

THEOREM 13.17, The condition ft - ft* is equivalent to the condition 
that j? is_ s.a .; the condition 0 » ft* implies that 0 is^ closed and linear . 

Proof: From the condition ft * ft it follows that 0 ®* 0 , !•©•» 



64 


XIII. LINEAR OPERATORS 


that ]l « . Conversely, if Jf * jf, then jf - ?f**. Since ■ jrf*, it follows 

that jd* ■ The rest of the theorem follows from Theorem 13.13. 

THEOREM 13.18* If ft is Hermitian and D (ft) - S, then j j is s.a . and s.t. 
Proofs This is the special case of Corollary 4 of Theorem 13.14 with 
It follows from this theorem that every projection is s.a. 

Definition 13.15 1 ff i£ called bounded over M c D(/f) if there exists 
a numbor C such that Ijflffll - C for all f £ M and for all values J2(f • 

THEOREM 15.19* If is linear , and if there exists an open sphere 
T in 3 suoh that ji is^ bounded over '?*'• D(jrf) and D(/f) is not empty, then jrf 
is continuous ( and therefore s.v.) over Dptf). (Cf. Definition 13.5 and remark 
following.) 

Proof* Suppose t Q £ T• D(jlf). (f Q exists.) Then there exists a 
closed sphere with center f Q . Let the radius of be t . If g is 

any element of D(jrf) such that KgII * € , then f - f g is in ^ D(jrf) and 
|| jrf(f Q * gll - C, where C is a bound of jrf over T- D(jrf). Since fb ia linear, 
M(2g)ll " M(* 0 + «) - J^( f 0 - 8)11 - I|jrf<* 0 + 8)11 ■‘•II - 8)11 5 2C. Henoe 

lljrfgll * 0. If jb(O) has a value (lfo) Q , every *(jtfo) o is also a value of jb( 0) 
by linearity. Thus - C,, l(fio) o» 5 i for every complex <* . This 

requires that Ofo) Q ■ 0. Since jf is linear, is s.v. 

Let h be any element of D(jrf) and if h / 0 let h. Then 

Ih^ll • 6 t * j-gy H#ill - C, and lljtfhll - y ||hl| • For h - 0 the last 

inequality still holds. If h ■ p - p Q , where p £ D(jrf) and p Q £ D(jrf), then 
II jrfp - fcji ■ y Ip - pj| and ft is continuous over D(jtf). 

Let fb be a linear operator, and oonsider the following six conditions* 
a) There exists an open sphere in 3 suoh that fb is bounded over 
r t m * D(jrf) and t* D(fl) is not empty. 
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b) There exists a constant A - 0 such that II fk\\ - A Ilf II , f t D(jtf). 

o) There exists a constant A * 0 such that HjzJf - jtfgll » A ll f - gil , 
f and g in D(jef). 

d) jrf is continuous and s.v. over D (*). 

e) lorfr, g)| - A If II • II g II , ft D(^) and g t S. 

e 1 ) I (jete, f )l 5 a Ilf II 2 , f £ D(jei). 

THEOREM 13.20 ; If ft is^ £i linear operator , then the five conditions 
a) - e) are equivalent to each other . If $ _is linear . Hermitian , with D (jgf) 
dense in S, a) - e') are equivalent . 

Proof: The proof of Theorem 13.19 shows that a) implies b), c), and 
d); it is obvious that each of these latter conditions implies a). Hence the 
first four of these conditions are equivalent. It is apparent that e) implies 
a 1 ), and that b) implies e) (by Schwarz’s Lemma). To show that e) implies b), 
let g = $f. Then (jtff, jk) = II^f || 2 = A II f II • II jk )| , and b) is immediate. 

To show that e’) implies e) when j6 is Hermitian and D(jtf) is dense in S, replace 
f by —g—&- * where f and g are in D (jo), and take the difference between the two 
results. Then ^ [ (ft + fa, f + g) - (fa - fe, f - g)] - g) “ 

-|a[ 2 If II 2 + 2 || g || 2 ]. If, as in tho proof of Schwarz’s Lemma, f and g are 
replaced by af and i- g, and then f replaced by Of, | G| * 1, it follows, exactly 
as in the proof mentioned, that \{fk, g) | ■ A Ilf II • II gll • So far, f and g must 
both belong to D(jrf). Since D(jrf) is dense in S, it follows by continuity that 
this relation holds for any g £ S. Thus conditions a) to e) are equivalent, 
and if fi is Hermitian with D(/tf) dense in S, then conditions a) to e’) are equi¬ 
valent • 

Definition 13.16 : If a. linear operator satisfies the above five (six) 
conditions it is called bounded. 


Thus, if fi is bounded, it is liuear, continuous, and s.v. over D(^). 
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It is apparent from the above proof that b), c), e) and e*) hold for 
the same set of A f s. Let A Q be the g.l.b. of these A f s. Then b), c), e) and 

e*) hold for all A ■ A . It is apparent that A is the l.u.b. of each of the 

following expressions: i$J- , r f | 11 • ife rH sTF ‘ (^ip 1 " ) • 

DEFINITION 13.17 : II| ft ||| i s taken to be A q ; if_ ft linear . Hermit ia n, 

and D (?) is dense in S, then |||?||| 53 g.l.b. and l( ? II 3 l.u.b.- — 

— -— - > iif ii 2 — . wr 

((?f, f) is_ real ); if, furthermore , (?f, f) « 0 for all f in D(?), ft called 
semi-definite , and if (?f, f) * 0 only when f =» 0, then ft is^ called definite. 

It follows that, if ft is Hermitian, II?III * maxf | J|?J[ | , | |||p ||| |j. 

The next three theorems are concerned with the question as to how much 
can be said about ft and ft* from the properties of ?. 

THEOREM 13.21 : If ft is_ bounded with D(?) dense in S, then III ft III = 

- III?Ill 3 ll|?*lll , D(?) = D(?*) = S, and ft and ft* are continuous and s.v. over 
the whole of S. 

Proof: Since ft ^ ft, (A q )^ - (A q )^. Now let f^ f g , ... be any funda¬ 
mental sequence^ in D(?) such that lim ft exists. Let f and ftf be the limits 
of these sequences. If, for all n, A ■ > then A * . Hence 

(Aq)^ 3 an< * HI?HI 13 HI?HI • Thus ft is bounded, and hence continuous 

and s.v. over D(?) which is dense in S. By Corollary 2 of Theorem 13.14, 

D(?*) is dense in S. Hence, by continuity, the condition I (?f, g)| ■ A Ilf II • II g 
for f fc D(?) and g £ S is not weakened if g is restricted to being in D(?*). 

But l(?f, g)| - |(g, ?f)| = |(?*g, f)|. Hence | (?*g, f)| - A l|f II • II gll for 
f t D(?) and g £ D(?*). Since D(?) is dense in S, this condition still holds, 
by continuity, for f £ S. Therefore III? Ill ■ III ft* III , so that ft? is bounded, 
continuous and s.v. over D(?*) which is dense in S. Since ft and ft? are linear, 
olosed, and continuous it follows by Theorem 13.11 that D(?) ■ D(?*) « S. 



XIII. LINEAR operators 


67 


Lemma : I£ ft i£ 1 inear , closed , £.v_., discontinuous, and D{ft) * S, if 
C is^ any positive number, and if is. any closed sphere in S, then there exists 
ia closed sphere iri 'T' over which \\ft? }| > C. 

Proof: Since ft is discontinuous, there exists an interior element 
f o £ , such that i fkjl > C. Then we have for g Q * ft ? q / 0, |j?fl ) * 


m ()fc ,_ ft?o : 


C. By Corollary 2 of Theorem 13.14, D(jrf*) is dense in 


S. Since is continuous in g, this implies the existence of a 

g^ £ D(jeT) with > C * Now g j p ~ = is cont i nuous in 

therefore there exists an ^ > 0, such that II f - f Q |) » Y[ implies | - l) . > c. 

Considering -*■ J5ll » * ILSlli a ft dr li atv^otta II (toll n. 


\\ ft?\\ , we even have 


> C. Thus 


the closed sphere Ilf — f* Q || 3 ^ meets our requirements, as V[ can be made 

ufficiently small that 

THEOREM 13.22, If is linear, closed, s.v. and D(ft) 3 S, then ^ is 


continuous over the whole of S. 


Proof: Suppose ft were discontinuous. By the preceding lemma it fol¬ 
lows that, if / Y' is any closed sphere in S, there exists a closed sphere 

such that \\ft?l\ > 3 1 over and its radius may be taken <i . 

Again there exists a closed sphere ^ C ft such that lljtff II > Cg = 2 over 
and its radius may be taken < • Repetition of this argument shows that there 

exists a sequence of closed spheres ^ 3 ^2 ^ suoh > 11 

over , and the radius of is i . As S is complete, there exists at least 

one element f in all the spheres and lift? II is not finite. This contradicts 
o n o 

the hypothesis that ft is s.v. over S. Hence ft is continuous. 

THEOREM 13.23. If ft is linear, closed, s.v., with P(jsQ dense in S, then 


fti* has the same properties. 
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Proof* The first .two of these properties are apparent. The third 
follows from Corollary 1 of Theorem 13.14. The fourth follows from Corollary 
2 of Theorem 13.14 sinoe fi - JS. 

IHgaggt 18.24. If jrf 1* Hermltlan, if [D(jrf)] - S, and If jrf 2 a jrf, then 
K la a projection. 

Proof* By Corollary 3 of Theorem 13.14, )t is s.v.; henoe J I and jd 2 
are s.v. Sinoe /rf 2 D K/ jrf 2 - K over D(jrf). Sinoe fi is Hermitian, (jit, fig) - 

- (jPt, g) - (fit, g) for all f and g in D (fi). Henoe (#f, jfc) - (fk, g) for all 
f and g in B(%), and, by continuity, (jit, Kg) - (jjf, g) for all f and g in 

D(j?) (where it is recalled that JJ (and j?) Is s.v.). Therefore ijk H 2 - (jfe,f) - 

- Iffrl • If II , and I/frl - IfH for all f in D(j3). Therefore ljJ(g - h)l| ■ 
-Ijfc-IM -lg-hl for all g and h in D (fi), and j8 1 b continuous. Sinoe $ 
is s.v., it is bounded; j! *• linear; sinoe [D(j?)] - S, it follows by Theorem 
13.21 that D(K) - 3. The theorem follows from Remark 1 and Theorem 13.3. 

Definition 13.18* If K I* yi operator, if f is a given element of 8, 
if .there exists i g c D (fi) such that one of the values of fk ii f, then the set 
of values of jf *f is_ taken to be the set of all suoh g* a • 

It follows imnediately that B(fT 1 ) - R (fi), RQf 1 ) - B(fl), and Of 1 )" 1- fi • 
If /fc P, then P" 1 . 

THBORBI 13.26t ft end fT^ have the eeae oharaoter with regard to llnearl- 
ty, olosedness, Hermltioity, and self-adjolntness ; if K and P are ( partially) 
adjoint, then jf 1 and P" 1 are also. 

Proof* It is apparent that GOf 1 ) - S&(-K). Henoe GOf 1 ) - lUG(-/l)J ■ 

- S ( - «0(3) - - 0($)' r ). Similarly, jf 1 - ®) _1 and Of 1 )* - 

* (K*). These three relations prove the theorem with regard to linearity, 
olosedness, and self-adjointness. If (fit, g) * (f, Pg), then Of 3 ?, g) ■ 

- Of 1 ?# - (4f X ?# f 1 *) - (?# P" 1 g). Thus if K and P are partially ad- 
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joint, ft 1 and P~^ are also. The remaining parts of the theorem result in a 
similar way. 

The remaining theorems of this chapter have special applications to 
certain operators to be discussed later. 

THEOREM 15.26 . If_ is_ linear, closed, £.v., with D(jtf) dense in S, then 
ft ft and tfft are s.a., linear, closed, s.v., with domains dense in S. 

Proof: By Theorem 13.23, ft is s.v. Since G(jrf) is a c.l.m., any ele¬ 
ment P in S * S can be represented as F 3 F^+ Fg, where F^ £ G(jrf) and Fg £ <5>G(/f). 
Since G(/f) -OUG(jd), TO (f?) =® (-G (0)) -©G(*f). Hence P g t WG(^). If F is 
the element <f, 0 >, then is an element <g, fi ig> , g D(jZi) f and Fg is an ele¬ 
ment i-fth, h> , h £ D(jzf*). Thus f = g - fth. and 0 « jtfg + h, so that h = -^g. 
Hence f * (ftj6 + l)g. Since f is an arbitrary element in S, R(ftft + 1) - 
■ D((ftfl + l)” 1 ) = S. If ft is replaced by ft, then, since ft* - ft R($zf+ 1) « 

- D((j tft + l)" 1 ) » S. But ((ft# + l)f, g) =* (ft fa, g) + (f, g) * (fa, fa) + 

+ (f, g) 13 (f, ftfa) + (f, g) * (f, {ft$ + l)g). Hence (ft# + 1) is Hermitian. 

By Theorem 13.25, (ft# + l)" 1 is Hermitian. But D ((ft# + 1) 1 ) = S. By Theo¬ 

rem 13.18, (ft# +1)” 1 is s.a. and s.v., and by Theorem 13.25, (ft# -**1) is s.a. 

It is readily seen that (P+1) - P* + 1. Hence if (P + 1) = (P + 1), then 

ft - P. Therefore ft ft is s.a., and hence linear and closed; since # and # are 
s.v., ft# is s.v.; by Corollary 1 of Theorem 13.14, D (ftft is dense in S. The 
rest of the theorem follows by a similar argument in which it is shown, as above, 
that (#ft+ 1) is Hermitian, that fift is s.a., and that #ft has the other proper¬ 
ties stated. 

THEOREM 13.27 . If # is^ linear , closed , s_.v., with D (ft dense in S, then 
III 0 ft# * 1 )~ 1 ||| * 1 and HI #(#*# + l)" 1 !!) ■ 1 ; furthermore , (ft# + 1) 1 and 
+ 1) * are clo sed, bounded, and defi ned over all S. 
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Prooft It was shown in the proof of the preceding theorem that 
(A +1)"^ is s.v. and that its domain is S. Let g be any element of S and let 
f ■ (ftjb +l)~ 1 g. Therefore f £ 1), and, a fortiori, f £ D(jrf). Thus 

fb? has a unique value, that is, ft ftjb + l)~*g has a unique value for every g 
in 3. By Theorem 13.23, ft is s.v., so that ftji + 1 is s.v. Hence (ftjb + l)f 
has the unique value g. Now* {(ft4 + i)r, f) - (jffk. t) * (f, t) - &*, /it) + 

* (f, t) « ♦ llfll^. If t le replaeed by + l)~*g, then this relation 

becomes (g, (ftft + d'Ss) - iMft * xr l *n 8 + IK ft + lr 1 *!*. By Schwarz»s 
Lemma, llgll • \\(ftjb + l)"*g II - || (ftjb + 1 )~*glP + II ft ft lb + l)"*gll 2 . Since the 
last term is non-negative, it follows that l|g|| * || (ftjb + 1 ) -1 g II , and since 
the first term of the right member is non-negative, IglP « ||ftftjb + l)”*gll 2 , 
that is,||gl| » Wftftjl + l)’ 1 gH • Hence \\\(ft)6 + l)" 1 !!! - 1 and 

|||j i(ftfi + 1 ) -1 III ■ 1. By Theorem 13.25, (ftjb + l)” 1 and ft ftfb + l) -1 are 
linear and closed, and these operators have already been shown to be bounded 
and defined over all S, so that the proof is complete. 

The operator (j ftjb + l)" 1 has been shown to be Hermitian. Let 
(ftjb + lj^g - f, where g £ S. Then (g, (ftjb + 1) 1 g) « ((ft# + l)f, f) ■ 

- ||j&|| 2 + ||fl| 2 - 0, and (g 1 (ftjb + l)"^) - 0 implies (ftjb +1) ^g - f « 0, g - 0. 
Hence (ftjb + l)" 1 is definite and 0 ^ jl[(j ftjb + l) ^ ■ \\\(ft& + 1) 1 ||| ■ !• 

THE OREM 13.28. Let 4 be as in Theorem 13.26. It is obvious that 
V(ftfb)c D(jrf). Let fb^ be such that DQg^) ” ftftjb) and such that, if f t ftjb^), 
ft? * jdf. Then ft * ft 

Proof t Sinoe ftc jb and 4 is closed and linear, ftc ft Hence 
[0(^)1 c G(jb). It must be shown that [G(^)] « G(jrf). (Remark* if M and N 
are o.l.m. with MC N, then any element f £ N can be represented as f - f g , 
where f £ M and f £ 6 ©M. Since f £ N and f ± t MC H, it follows that f 2 * f - 
is in N. Therefore f g £ (<©M)N. If it can be shown that f g • 0 for any f fc. N, 
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then M =» N. But it can be shown that fg ■ 0 by showing that (®M)N =0.) 

Suppose U0 [G(^)] • G(^). Since K <= G(frf), it may be represented by <k, fik) , 
As in the proof of Theorem 13.26, any element F of the form <f, 0> may be re¬ 
presented as <g, fig) + h, h> , where h = -$g. Since h t D (fi*), ji* fig is de¬ 
fined, and g t D(jZiV) = DQ^) so that jig * g. Hence <g, $g> £ [G^)] 

and K J_<g, jtfg> . Since <-jef*h, h> £. 0 G (fi), K J. <-$*h, h > . Hence K is ortho¬ 
gonal to an arbitrary element F ■ (f, 0) and (^k, f$k) , (f, 0} ) ~ 0, so that 

(k, f) = 0 for al] f. Thus k = 0. Since fi is s.v., fik - 0. This completes the 

proof. 

THEOREM 1 3.29 . If fi i_s_ a sorr.i- def i nite linear Ilermitian oper ator, -then 
Ufa, e)l - ^)(^6» g) for^ every f and g in D($). 

Proof: Since fi is semi-definite, (fi( f - g),f-g) = 0 for f and g in 

D (ji). Fence 23 [(fif, g) ■ (jeif, f) + (jtfg. g). If the argument in the proof cf 

Schwarz's Lemma is applied to this relation, it follows that I (fi. f, g) | » 

■ /($*, f g), (j^P, p) teirg = 0 for p t D(jrf). 

If jZf j s as in the preceding theorem, and if f is such that (fir, f) ■ 0, 
then (fir, g) = 0 for all g t D(j$). If D (fi) is dense in S, then, by continuity, 

(jif , g) * 0 for all g in S. Therefore fir - 0, that is, 1 (0) = f* By Theorem 

13.25, JST 1 is linear. If fi~^ is s.v., then f * 0 and )6 is definite. This proves 
the following 

Corol lary: If fi i_s_ a_ semi-defi nite line ar Hernitian opera tor with D (fi) 
dense in S, and if fi * is s , then fi i s definite . 

Let A and A* be linear, closed, s.v., with domains dense in S. Let h(A) 

be the set of elements f of D(A) such that Af ** 0; let N^A*) be defined analogous- 

* 

ly. By the second remark after Definition 13.32 it follows that N(A ) consists of 
all elements f such that (f, Ag) 3 (0, g) = 0 for all g t D(A), that is, of all 
elements f orthogonal to R(A). Hence N(A*) **3R(A). Similarly, N(A) =»®R(A*). 
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This proves 

THEOREM 13.30 * In the above notation , N(A) -0 R(A*), N(A*) -©R(A), 
and if A - A*, then H(A) »©R(A). 


Appendix II. 

Let A be a linear closed operator in S. Then G(A) is a o.l.m. in S X S, 
and determines a projection in S X 3, (In this discussion an operator in 
S X S is denoted by a script letter, while an operator in S is denoted by a La¬ 
tin letter.) It is desirable to represent by operators in S. 

If CL is an arbitrary operator in S X 8, then CL (f, g> ■ (h, k> , 
where h and k are each functions of f and g, But if CL is linear, then (X (t , g ) 
•CUt. 0> ♦ d<0, g> - <A n f, A 21 f> + a i2 g. A 22 g> - <A n f ♦ A 12 g, A 21 f ♦ > 

where A^Ci, j ■ 1, 2) are operators in S. Thus Q, may be represented by the 

matrix JJ^ 1 * j^ 2 || • It is apparent that all A^ are linear; if CL is closed , 

continuous, s.v., or bounded, then all A^ have the same property. 

How suppose that Ci is a projection P^^j, where A is linear and closed. 

Then g> - (K Ah> - <P n f + P 12 g* P 2 l f + P 22 6 ) • denotes 

ThUB P 21- "U “ d P 22' "l£* « P 0(A) < f ' °>“ < P ll f ' P 21 f >* 

In the proof of Theorem 13.28 it was shown that, if Pq( A )<*» 0> - <h, Ah>, then 

f - (A*A + l)h, that is, h - (A*A + l)" 1 !*. But h - P u f; therefore P n « 

• (A*A + 1)"^ and Pgj* A(A*A ♦ 1)*\ Theorem 13.27, P^ and Pg^ are bounded 
and defined over 8. By Definition 13.3 3, G(A*) -0fe(A). Since ■ 

" ^(A)®" 1 * P G(AV 1 “ fe G(A)^ 1# Therefore <*• «> * <S* ~ f >f 

P G(A)® " ^ P ll 8 " P 12 f ' P 21 g “ P 22 f * * ^(A)^ ^ t$ " 

“ < P 22 f * P 21 8 * * P 12 f 4 P 22 8 > • P G(A*)< f ' 8 > “ 

■ ^(1 - Pgg)^ + P 21 gp P 12* * ^ " P H^ 8 ^ • T ^ lUB P ll" * " P 22 # P 12* P 21* 
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P 21 " P 12’ and P 22 " 1 " P ll' Where P ij den0t6S (P G(A*) } ij- SinC0 A ' 

P 21 " A *( AA * + 1 )' 1 ** P i2' and P 22 * AA *( AA * + 1 )" 1 * Theorem 13.27, P lg is 
bounded and defined over Sj it is apparent that must also have these prop¬ 
erties. It is convenient to tabulate these results. 

p n " (A * A +1)_1 

P al - a(a*a ♦ 1 ) 


P 12 - A*(AA* + 1)" 
P 22 - AA*(AA* + 1) 
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COMMUTATIVITY, REDUCIBILITY 

In the preceding chapter an important claas of operators was considered: 
the projections. The next task will be to define and (partially) analyze another 
important class: the unitary operators. 

Definition 14.1. An isomorphism of S is a biunique mapping f-*> Uf 
of S upon itBelf which leaves invariant all formal relations used in the postu- 
lational characterization of S. (This accords with general usage.) All these 
formal relations may be expressed in terms of the operations af, f + g, (f, g). 
Hence it is postulated of a unitary transformation that , for arbitrary a, f, g, 

1) tJ(af) - atlf, 2) D(f+g) - Uf + Ug, 3) (Uf,Dg) - (f, g). 

It is evident that such an isomorphism f -*> Uf may be looked upon as an Operator 
U. Whenever it is_ desired to emphasize the operatorial character of an isomor¬ 
phism (and this will usually be the case) it will be called a unitary operator . 

It is necessary to introduce some direct operatorial characterizations 
that a transformation be unitary. 

THEOREM 14.1. An operator U»is_ unitary if and only if 

1) U i£ £., linear , and closed , ^ 

2) JufU -Hfll for all elements f in S, 

5) D(U)- R(U) - 3. 

The third condition may be replaced by the following ( which 1 b apparently weaker )* 
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3’) D(U) and R(U) are dense In S. 

Proof: It will be shown that 1, 2, and 3 are necessary and that 1, 2, 
and 3 1 are sufficient. 

Necessity of the conditions: condition 3 follows from the fact that 
the transformation f-* Uf maps S on itself; condition 2 follows from part 3 of 
Definition 14,1 when f - g; it is evident from Definition 14,1 that U is s.v. 
and linear, and closure follows from continuity over D(U) » S(||Uf - Ugll «* Ilf - gl|) 

Sufficiency of the conditions: from 1 (linearity) and 2 it follows 
that tluf - Ugll =» Ilf - gl| . Thus if Uf * Ug, then f = g, so that U has a s.v. 
inverse U * which (evidently) satisfies conditions 1, 2, 3*, Since ||uf - Ugll ■ 

« If - g II , U is continuous over D(U); by Theorem 13.11, D(U) is closed; since 
D(U) is dense in S, D(U) » S. As the same argument applies to U \ D(U -1 ) * S, 
and U is a biunique mapping of S on itself. Since U is linear, conditions 1 and 
2 of Definition 14.1 obtain. It remains to show that (Uf, Ug) - (f, g). By 2, 
this condition holds for f *» g. In particular, it follows from the condition 
(0^ , U^& ) - (i££ , 0^ ) = (£11. , £^) - (£^6 , £l£ ) that ft (Uf, Ug) - 
* $,(f, g), 11“ 6 is replaced by ig, this argument shows that SI (Uf, Ug) - , 

■ (f, g). This completes the proof. 

Remark 1. The preceding theorem shows that every unitary operator is 

bounded. 

Remark 2. It is evident from condition 3 of Definition 14.1 that con¬ 
dition 2 of the preceding theorem may be replaced by the (apparently) stronger 
condition (Uf, Ug) ■ (f, g). By Theorem 13.21, D(U*) * S, so that this condi¬ 
tion may be written in the form (U*Uf, g) - (f, g); since D(U) * S, this con¬ 
dition implies that U*U - 1. As the condition D(U*U) ** S implies the condition 
D(U) ■ S, it follows that another set of necessary and sufficient conditions 
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that U be unitary is that 

1) U is s.v., linear, and olosed, 

2) U*0 - 1 

3) R(U) is dense in S. 

Remark 3 . If U is unitary, then U*Uf » f, UU*Uf * Uf, so that UU*g * g 
if g * Uf, that is, if g £ T(U). But UU* is continuous and R(U) is dense in S, 
so that UU*g » g for all elements g. Hence UU* ■ 1. But, from Remark 2, 

U*U ■ 1. Thus 

UU* - U*U - 1. 

Conversely, this relation (regardless of the unitary character of U) is equi¬ 
valent to the condition U” 1 ■ U*. Hence it implies that R(U) ■ D(U* 1 ) » D(U*) 

■ S. Thus condition 2 and 3 of the preceding remark may be replaced by the eon 
dition 

l) U*U - UU* - 1 
or by the condition 

i) u _1 - u*. 

Remark 4. The argument used at the end of the proof of Theorem 14.1 
and in Remark 2 may be used to show that condition 2 of Remark 3 (that is, con¬ 
ditions 2 and 3 of Remark 2) jnay be replaced by the condition 
2*) llu fll-llu*f|| - Ilfl| for all elements f in 3. 

Those unitary operators which are a Is o Hermitian are of some interest 
per so. They are bounded (Remark 1), s.v., linear, closed, and their Hermitian 
character is expressed by the condition U * U*, that is, U^ « 1 (condition 2 
of Remark 3). Conversely, the condition U^ ■ 1 implies that D(U) ■ S, so that 
the property of being Hermitian implies the property of being s.a., s.v. 

(Theorem 13.18), and therefore also linear and closed. This leads to 
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THEOREM 14.2. The set of unitary operators U which are also Hermit 1 an 

2 

is exactly the set of Hermitian operators such that U = 1. 

(Proof above.) 

„ , /TJ+ls 2 U 2 +2U+1 u+(a-+iu 2 ) J ., J . J _. „2 , . 

Remark . Since (—£■—) * 4 - “ ——~ * conc lition U = 1 is 


equivalent to the condition (~jf~) 


U+l 

2 


Hence the correlation 


HU , E 
2 Ej 


2E - 1 


sets up a biunique correspondence between the set of all unitary-Hermitian 
operators U and the set of all projections E. 

Since unitary operators were defined as isomorphisms of S upon itself, 
the set of all unitary operators forms a group. Hence 

1 ) 1 is unitary, 

2) U ^ is unitary along with U, 

3) UV is unitary along with U and V. 

(it is evident that these piopositions may be readily verified by means of any 
other one of the above characterizations of tho property of being unitary.) 

If U and V are unitary-Hermitian, then UV will be unitary-Hermitian 
if UV = VU (since UVf, g) = (f, VUg), so that (UV)* ■ (VU). Let the projections 
E and F correspond respectively to U and V; let E - P^ and F = P^; assume that 
UV = VU; then G - = (2B-1)(2F-1)+1 » 1 . B .p + 2EF»X -iE(l-F) + F(1-E)J 

» EF + (l-E)(l-F) corresponds to UV. Since UV =» VU, EF - FE, and M and N com¬ 
mute. But 

E(l-F) + F(l-E) - P [MfeH)t H(eM)] . 

W * ( 1-E )( 1-F ) " P [MH, (©M)(©N)], 


° “ P ©[M(©N), N(©M)]“ P [MN, (®M)(©N)]* 


so that 
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It is now desirable to introduce the oonoept of commutativity. If A 
and B are two s.v. operators, it may well happen that D(AB) and D(B&) are dis¬ 
tinct or even empty. It is a case of particular interest when BAf and ABf exist 
and are equal for every eloment f in the domain of one of the operators, say A* 

For BAf to exist for all f £ D(A) it is necessary and sufficient that D(B) 3 R(A). 

For ABf to exist for all f £ D(A) it is necessary and sufficient that D(B) 3 D(A) 

and that Bf 6 D(A) for all f £ D(A). If under these conditions BAf ■ ABf for 
every f t D(A), it is apparent that it cannot be said that AB - BA, for these 
two operators may have distinct domains; all that can be said is that AB 3 BA. 

Because of the conditions on D(B) it is convenient to assume that 
D(B) ■ S. In this case it is possible to assert (conversely to the preceding 
remark) that if AB DBA, then ABf * BAf for all f L D(A). But it would intro¬ 
duce an undesirable element of asymmetry between the roles of A and B to say 
on this basis that A and B commute. Symmetry is retained between A and B in 

Definition 14.2. Let A and B be two s.v. operators . A and B are said 

to commute if either 1) D(a) * S and BA 3 AB ( so that for f t D(B) it follows 
that Af t D(B) anu ABf - BAf), or 2) D(B) - S and AB 3 BA (so that for f £ D(A) 
it_ follows that Bf t D(A) and ABf - BAf). 

Remark. If D(A) - D(B) - S, then D(AB) ■ D(BA) ■ 3 and either of the 
conditions in the preceding definition implies that-AB ■ BA, this being the 
customary definition of commutativity. Thus in the present extended sense of 
the word, the condition BA 3 AB may also be utilized when D(AJ * S regardless of 
the nature of D(B); and the condition AB 3 BA may always be utilized when D(B) - 3, 
regardless of the nature of D(A). 

It should be noted that no definition of commutativity has been given 
in the oase where D(A) / 3 and D(B) / S. This case is at present insufficient¬ 
ly analyzed, though in certain speoial cases (to be discussed later) satisfactory 
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definitions can be given. 

THEOREM 14.? . £A is a s_.v. operator , it follows that 

1 ) A commutes with 1. 

2) If_ AO - 0, then A commutes with 0. 

3) If D(a) » S, then A commutes with A. 

4) If A commutes with B, if B~^ is_ s_.v, ( so that Bf * Bg only when f » g), and 

if either D(A) =* S or D(B *) * R(B) =* S, then A commutes with B~\ 

5) If A commutes with B and C, then A commutes with BC. 

6 ) If_ A is^ linear and commutes with B and C, then A commutes with aB and B - C. 

?) Jf A commutes with B^, B^ t .if B =* lim B n (i.e., Bf is defined if and 

n-x>o 

only if all B f are defined and lim B f exists, and in this event 
J n n 9 

n-xx> 

Bf - lim B f), and if either D(A) - S and A is_ continuous or D(B) » S and 
n-xo 

A ia_ closed, then A commutes with B. 

8) If A commutes with B, i£ A* and B* are s_. v_., and if either B(a) * D(A*) - S 

or D(B) « D(B ) = S, then A commutes with B . 

9) If. A is_ linear, continuous, and commutes with B, and if. B i£ s_. v., then A 

commutes with B. 

Proof: Parts 1 and 2 are evident since D(l> * D(Q) ■ S. Parts 3 to 7 
are readily verified from Definition 14.2; in each of these parts the case where 
D(A) ■ S (requiring the use of condition 1 of Definition 14.2) must be considered 
separately from the case where D(A) / S (requiring the use of condition 2; note 
the remark). Part 9 follows at once if D(A) ** S (condition l); but if D(A) / S, 
then D(B) ■ S and B « ff, so that the remainder of part 9 is immediate. It re¬ 
mains to consider part 8, where, by reason of symmetry, it may be assumed that 
D(B) ■ D(B ) - S. Let g be an element of D(A*). For arbitrary f C D(A) it fol- 
low that (f, B*A*g) - (Bf, A*g) - (ABf, g) - (BAf, g) -(Af, B*g). Hence there 
exists an element g* - B*A*g such that (f, g*) - (Af, B*g) for all f L D(a). 
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4r ♦ * ♦ % 

But this last condition implies that B g £ D(A ) and A B g « B A g. Hence 

* * * * 

A B => B A . 

A refinement of the concept of commutativity is given by 
Definition 14,3 . Let A and B be two s.v. operators . A and B are said 

to commute adjointly (£.a.) i£ either l) D(A) » D(A*) - 3 while A and A* com¬ 

mute with B, or. 2) D(B) ■ D(B*) * 3 while B and B* commute with A. 

Remark. If D(A) * D(A*) * S, then, by Theorems 13.22 (applied to A*) 
and 13.21, both A and A* are bounded; if D(B) « D(B*) ■ S, then B and B* Are 

bounded. If both of these oonditionr obtain, then, by condition 1 of the pre- 

ceding definition, AB * BA, A B ■ BA , and by condition 2, AB ■ BA, AB «• B A. 

« 

The first equations of these pairs are the same, the second equations arise from 
each other by applying the operation *. (It is evident that (XY)* «* Y*X* for 
bounded operators X, Y). Thus condition 1 of the preceding definition may always 
be utilized when D(A) - D(A*) - S regardless of the nature of D(B) and D(B*); 
and condition 2 mqy always be utilized when D(B) ■ D(B*) » S, regardless of the 
nature of D(A). 

The present definition of c.a. does not apply in the case where 
D(A) / S and D(B) / S. We will see later that in these cases too a satisfactory 
definition of c.a. can be given. Thus c.a. will turn out to be a more natural 
notion than commutativity itself. In this aspect. Theorem 14.5 and the remark 
which precedes Definition 14.4, are quite instructive. 

THEOREM 14.4. If A a s.?• operator, it follows that 

1) A o_.a. with I. 

2) If AO ** 0, then A c.a. with 0. 

3) If D(A) - D(A*) - 3, then A o.a. with A. 

4) If A o.a. with B, i£ B" 1 Is s.v. (see Theorem 14.3,part 4), and If either 
D(A) - D(A*) - S or DCB' 1 ) - R(B) - D(B* -1 ) - R(B*) - 8. then A o.a. with B _1 . 
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6 ) If A £.£. with B and C, then A c. a . with BC. 

6 ) If A is linear and £.a. with B and C, then A c_.a. with aB and B - C. 

7) If A £.a. with B^, Bg, .if B * lim (see Theorem 14.3, part 7), and 

if either D(a) * D(A ) a S or D(B) = D(B ) * S and A i£ closed, then A c.a. 
with B. 

8 ) If_ A £.a. with B, and if B* is £.v., A £.£. with B*. 

9) I£ A ££ linear , continuous, and £.a,, with B, and if 15 i£ s.v., then A c.a. 

with B. 

Remark a This theorem is obviously analogous to Theorem 14.3. How¬ 
ever, part 8 is stronger here then there; two applications of part 8 (once to 
B and then to A) lead to part 8 of Theorem 14.3; the direct analogue of part 8 
does not hold for commutativity itself. In fact, this is the principal reason 
for the introduction of the terminology "commutes adjointly". 

Proofs The proofs of parts 1 to 7 are the same as in Theorem 14.3. 

In particular, the condition l)(a) ■ D(A*) - S in part 7 implies that A is bounded 
and therefore continuous. In part 9 it may again be assumed that D(a) ■ D(A ) * 
- S; since the condition D(B) ■ S implies that B « B, the analogy is complete. 

It remains to consider part 8. If D(B) * D(B*) ■ S, then B is bounded, B is 
s.v,, and B»Ij=»B**. If B is replaced by B*, then in Definition 14,3 the opera- 
tors B and B are replaced by B and B ■ B, that is, no change is made. If 
D(A) - D(A*) - S, then A * A * A**, and it must be shown that if B commutes with 
A and A*, then B* commutes with A and A*, that is, with A* and A** * A. But 
this follows directly from Theorem 14.3, part 9. 

It is of particular interest to discuss the situation in which A c.a. 
with an operator which is either a projection or is unitary. 

THEOREM 14.5 . An operator A £.£. with a unitary operator U i£ and only 
if A is invariant under U, that is, A - UAU *. 
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Proof: Right multiplication of A * UAU" 1, with U gives AU ■ UA; left 
multiplication with U* 1 gives U~*A * AU~\ and as u”^ - U*, U*A * AU*. Thus 
the condition is sufficient. Conversely, if A commutes with U, AU 3UA, and 
in particular f L D(A) implies Uf £ D(A). If A o.a. with U, then this asser¬ 
tion holds also for U* ■ U~*. It follows that D(A) is transformed by both 
U and' U~* into part of itself j therefore it is invariant under U, and so A, 
and UAU"^ have the same domain. Since AU 3 UA, A 3UAU~\ this gives A ■ UAU"*. 

If B is a projection, then E - E*, D(E) ** D(E*) ** S, and the follow¬ 
ing three conditions are equivalent: A o.a. with E, A commutes with E, and 
AE 3 EA. 

Definition 14.4 . If A c.a. with E =* (note the preceding remark), 
then E and M are each said to reduco A. 

THEOREM 14.6. If A and A* are s_.v. with D(A*) dens e in S, then the 
following four relations together constitute ti necessary and sufficient con¬ 
dition that A be_ reduced by E =» P^: 

1) Bf £ D(A) for f £ D(A), 

2) Bf t D(A*) for f e D(A*), 

S) AfeMfwfell* d(a), 

4) A*f 6 Mfor f t M . D(A*). 

Proof of necessity. Condition 1 is immediate. Condition 2 follows 
direotly from Theorem 14.4, part 8 (where A and H are replaced by E and A). 

If f t M • D(A), then Ef - f and Af - AEf - EAf, so that Af t M. Condition 
4 follows in an analogous manner. 

Proof of sufficiency: If f £ D(A), then (by l) 3f is in D(A), M, and 
M • D(A). Hy 3, AEf t M, so that E(AEf) - AEf. Similarly, if g t D(A*), then 
B(A*Bg) - A*Bg. Since B* - B, (AEf, g) - (BAEf, g) - (AEf, Bg) » (Bf, A*Bg) - 
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- (f, EA*Eg) - (f, A*Eg) * (Af, Eg) « (EAf,g). Therefore (AEf, g) - (EAf, g) 
for all f in D(A) and all g in D(A*). Since D(A*) is dense in S, this re¬ 
lation holds for all g. Hence AEf - EAf for all f £ D(A), so that AE D EA. 

Remarkg In the preceding theorem the condition that D(A*) be dense 
in S may be replaced by the condition that D(A) be dense in S. 

Corollary s If A and A* are s_.v_. and defined over all of S, then ia 
necessary and sufficient condition that A be_ reduced by E « P^ is_ that Af £ M 
and A*f A M for f 111. 

Proofs This corollary is merely a special case of Theorem 14.S in 
which conditions 1 and 2 are necessarily satisfied and in which conditions 
3 and 4 reduce to the conditions stated. 

Theorem 14.6 and this corollary show that A and A* may be regarded 
as operators in merely the space M. Thus the behavior of A may be analyzed 
by means of subspaces M reducing A. 

THEOREM 14.7. If A is_ a_ linear, closed , and s_.v. operator, then 

1) A is^ reduced by E » i£ and only if rt is. reduced by 1 - E « P^ 

2) If A is^ reduced by every E^ = where ot ranges over a_ set I (of indices 
<a), then A is_ red uced by 

a) P^ , where 'U. - 7T M . 

- oLtl * 

b) P/v *, where — [..., M , ...] (where <* in [...] ranges over 

9 ' n "" ' ** 

all of I). 

Proofs Part 1. By Theorem 14.4, parts 1 and 6, if A c.a. with E, 
then it c.a. with 1 - E, and if A c.a. with 1 - E, then it c.a. with 
1 - (1-E) - E. 

Part 2b. This follows directly from parts 1 and 2a since 

[..., , •••] ■ O ( I I (© ) 

ot £ A 

Part 2a. Case 1. I contains only two elements, say 1 and 2. Since 
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A c.a. with and E g , it follows by induction from Theorem 14.4, part 5, 

that A c.a. with each of the operators E^, E 2 E 1' E l fi 2 B l* ••• ■ ^ Theorem 

13.7, this sequence has for limit the projection P M # M • Bty Theorem 14.4, 

“l ^2 

part 7, A c.a. with P„ . u . 

12 

Case 2. I is a finite set, say (l,...,n). Thi3 case follows immedi¬ 
ately by induction. 

Case 3. I is a countably infinite set, say (1,2,...). Let » 

** / M • Then P^, - =... is a sequence of projections which, by Theo- 

dk-1 ML* 78L X oo 

rem 13.10, has the limit P , where VfL M . By Case 2, A c.a. with every 

Ml 

* 80 ty Theorem 14.4, part 7, A c.a. with • 

Case 4. I is a non-countable set. Let all possible (finite or infi¬ 
nite ) sequences , ... be formed from the set of sets M^. Let f be an 

element of S and let y be the g.l.b. of all the numbers Hp. f ... fl| cor- 

“<*i* M «V • * 

> 

responding to all the sequences M , M , ... • It is apparent that y => 0. 

°m 

Let n be a positive integer. There exists a sequence M *t, M >», ... such that 

lip M #lf ** II < “V + — • Let /3,, /3 o9 ... be any sequence in I containing all 
n x • c 

the indices <**} (n, i*l,2, ...), and lot M =» . Then 

11 ■ V =v •••■ 11 V" 5 ' p M ^ m,-«■ ... f 11 < y * k • < Here ' and 

in what follows, use is made of Theorem 13.8 and the discussion of the rela¬ 
tion E - F preceding it.) But llP^fll *7 , and as II P^ II is independent of n, 

IIP^II » 1 • 

It will now be shown that P^f =■ P^ f for all f in 3. Let A be an ar¬ 
bitrary element of I. Since the sequence A , /3g# ••• oontains all the in¬ 

dices , it follows that HP_, .f|l ■ II P„ „ f l| ■ 7 • But II P.fll * y , so 
i M a W M 

that IIPjj, 1^*11 ■ • By the corollary to Theorem 13.8, this relation im¬ 
plies that P M . uf m F/ and# as P M ^ c McM^ , P^f £ • ‘But this con¬ 

dition holds for each A in I, so that P^f 6 7XL and P^ P^f » P^f. But Wfl c: If 
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*** V “ P M- Henoe P * P M ' P OTl* and therefore P^f = P/. 

Let f and f* be two elements of S, let and c^ n be the respective 

sets of indices determined as above, and let flg, ... be a sequence con¬ 

sisting of all the indices <*?" and c*.* n • Then P^f *» P^f and P^f *’ V*- 
Now let f be restricted to D(A) and 3 e t f*- Af• The preceding relations 
assume the form - P^f anc * P^^Af “ * 33 ^Af. By Case 3 and Theorem 14.6, 

V e D(A) and APj^f 38 P^Af; hence V fe D(a) and AP^f * I^Af, where f is 
em arbitrary element of D(A). Therefore AP.^ 3 P^A, A commutes with P^, 
and (by the remark preceding Definition 14.4) A c.a. with F^. 

THEOREM 14.8 . Let T be_ «i separabl a subset of S( f or example, a_ se¬ 
quence ), and let A^, A^, ... be a sequence of bounded operators defined over 
all of S. There exists separable c_.l_.m. M containin g T and reducin g each 
of the operators A^, Ag, ... • (lf_ S is_ itself separable , then M « S and the 
theorem is trivial .) 

Proof: Let f^, ... be a sequence of elements of T dense in T. 

If a c.l.m. M is found which contains f^, f^, ..., then M 3 T since M is 
closed. Hence it is sufficient to consider the sequence f^, f^, ••• • 

The set Z of expressions ... • X^^f is countable, where 

n = 1 , 2 , ..., p - 0 , 1 , 2 , ..., where X J (j = 1 , ..., p) is an operator A^ 
or an operator A*(i ■ 1, 2 , ...), and where X^^ # ... • represents the 

operator 1 if p * 0. It will be shown that [Z] satisfies the conditions re¬ 
quired of M. It is apparent that f^ f [Z] for each n. By Theorem 12.28, 

[Z] is separable since the set Z is separable. It remains to show that if 
f t [Z], then Ajf and A*f are in [Z] (cf. the corollary of Theorem 14.6), 

Now if f E Z, then A.f and A*f are in Z; if f fc { Z j , then A^f and A*f are 
in [Z] since A^ and A^ are linear; ana if f £ [Z], then A^f and A*f are in 
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[2] since A^ and A* are continuous. (Note that closedness would be insuffi¬ 
cient.) This completes the proof. 

THEOREM 14.9. Let T be a separable subset of S ( for example , se¬ 
quence ), and let A-^, Ag, ••• be a sequence of linear , closed , &. v. operators 
in S. There exists a_ separable £.l.m. M containing T and reducing each of 
the operators Aj^ Ag, ... • 

Proof* As before, it is su ficient to consider T as being a sequence 
f1* fg, ... • The operators of the sequence U P^, Py, P G(A. )' * * * 

are bounded and defined over S X S. (Cf. Definition 13.11 and the remark pre¬ 
ceding Definition 13.8). Let [Z] be the set constructed as in the preceding 
proof with respect to the sequence of points (f^, # (fg, ••• • Then 

[Z] reduces each of these operator s and, by the corollary of Theorem 14.5, 
if <f, g> £ [Zl, then U <f, g> - <-g, f > , P x <f,g> - <f, 0> , and P y <f ,g > - 
■ (Oj g^ are all in [Z]. 

Let II be the set of all elements f such that <f, 0> £ [Z] and let 
N be the set of all elements g such that <”0, g^ £ [Z]. It is apparent that 
M ■ I^([Z] X); since X is a o.l.m., M is a c.l.m.; since [Z] is separable, 

M is separable; M obviously contains the elements f^, f g , .... It remains 
to show that 11 reduoes A^, Ag, .... If (f, g^ £ [Z], then, by the last 
assertion of the preoeding paragraph, f fcM and g £ N. But if f £ M, then 
<f, 0> £ [Z], <0, f> £ [Z] (by the operator U), and f £ N. Hence UcN. 


It follows similarly that M 3 N, so that M ■ N. Therefore, if <f, g> t [Z], 
then f and g are in M. Again, if <f, g> £ ©[Z], then ^f, g) JL ( h, k> for 
every element (h, k) 6 [Z]. Therefore (f,h) + (g, k) ■ 0 for every h and 
k in II. Since II is linear, 0 £ II. Hence (f, h) + (g, 0) * 0 for all h in M, 
and f £ © II. It follows similarly that g a ® II. 

Let f be any element of D(A^). Then {f, A^f) i® any element of G(A^). 
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Since [Z] reduce. <*. V> - *[2]^) < f * V> " 

* p [z] <f ' A i f > • Therefore P [z] V> £ G(A i ); let p [z] < f ' A i f> * 

* (g* A^g> • If (f, A^f ) is resolved by Theorem 12.23 with respect to [Z] , 

then, sinoe (f, A^f > and one component are in G(A^), the other component is 
also. Hence (f, > - <g, A^) «• (h, A.h> , where (g, A^> £ [Z] and 

<h, Ajh> £ ©[Z]. Therefore f - g + h, where, by the preceding paragraph, 
g £ M, g g D(A i ), and h £ © M, h £ D(A^); likewise A^f ** A^ + A.h, where 
A^g £ M and A^h t © M. Since M is a c.l.m., it determines a projection P^. 
Since » g, P^ £ D(A i ) and A-Pj^f - A.^ * P^Ajf (since A^g £ M). As f 
was an arbitrary element of D(A^), it follows that A^P^ ^ P^,, 80 A^ 

and P^ commute. This completes the proof. 

THEOREM 14.10 . Let A,,* ... be a sequence of linear , closed , £.v. 
operators in S. There exists a set of separable and non-empty £.l_.m.' s_ 

( ok ranging over suitable set J (of_ indices )) such that 1) if_ ok / p , . 

then and M are orthogonal , 2) [..., M^, ...] * S (okin[...] ranging 

^ p 

over all of J), and 3) each set reduces each operator A^• 

Proof. The sets will be constructed in such a manner that J will 
be a set of Cantor's ordinal numbers, namely, the set of all numbers ok < <5^ 
for a suitable number Therefore the sets will be defined by trans- 

finite induction! oC Q (and hence J itself) will be determined only at the end 
of the process. The transfinite induction is as follows: suppose that, for 
each c* < oC Q , has been defined so as to satisfy conditions 1 and 3 of the 
theorem (for each ok < ok Q , M^is separable, non-empty, and reduces each A^). 
Let . .,M^ ,...], where ok ranges over all ordinal numbers less than 

ok • If S* ■ 3, let I be the set of all ordinal numbers ck less than ok • 

Then condition 2 is also satisfied and the proof is complete. In this case 
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the induction stops at the number oc q . 

But if / S, then, by Theorem 14.7, each is reduced by <S • 

B|y Theorem 14.9 there exists a separable and non-empty c.l.m. M^ C © 2^ 
which reduces each A^ Thus the sets M^ , » <* q , satisfy conditions 1 

and 3 and the entire set of sets is defined by transfinite induction. 

Since 3 itself has an ordinal number -A, and since the ordinal num¬ 
ber of [..., M^ , •••], oc < ok Q , is not less than <x q , the process can reach 

no number ok >/L • Hence it must stop at some number ok ■ ok « -A_ , and 
o o o 

when it stops, * S. This completes the proof. 

Remark. By Theorems 12.26 and 12.27, each set is a finite-dimen¬ 
sional Euclidean space or a Hilbert space. (More accurately, each set M is 
isomorphic with such a space. But, for the sake of brevity, the words "iso¬ 
morphic with" will always be omitted in what follows.) If the sets M^ are 
infinite in number, they may be classified into mutually exclusive, countably 
infinite classes. The sums of the sets M^ of each such class may themselves 
be used as sets M^ , and they are all Hilbert spaces. If the number of sets 
M^is finite, then S is separable and the theorem can be satisfied with the 
use of only one set ■ S. In this case M^ - S is a finite-dimensional 
Euclidean space or a Hilbert space. 

Thus it turns out that, unless S is a finite-dimensional Euclidean 
space, all the sets M^ may be chosen as Hilbert spaces. 

Theorem 14,10 shows that any finite or countable finite set of linear, 
closed, s.v. operators may be simultaneously reduced by a system of separable 
and non-empty c.l.m f s M^ having properties 1 and 2. It is therefore of inte¬ 
rest to discuss the nature of such systems M^ and the way operators A reduced 
by them are determined by their behavior in the individual sets M^• The fol¬ 
lowing theorems contribute to such a discussion; 
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It should be remarked that these theorems (particularly Theorem 14.12) 
will be of use even in separable spaces where it will sometimes be of im¬ 
portance to construct operators A from their contractions in c.l.m.'s M^(of 
the sort described above) which reduce them. 

It will not be assumed in what follows that the sets are either 
separable or non-empty. 


THEOREM 14.11 . Let be_ system of c_. l^.m* s_, oV ranging over set J 
( of indices ), such that 1) i£ / ft , then and are orthogonal , and 2) 

[ ..., , ... ] *» 3 (<* in [... ] ranging over all of J). 

Then every element f iri S has a_ unique representation of the form 

f - 2Z f* , f, 6 M , where f^ = 0 for all <*- £ J aside from a finite or 

otfcj * - 

countable subset, and where the sum of the non-vanishing elements f ia_ con¬ 
vergent . Incidentally , f^ = 4 and Ilf J| 2 ■ l lf^ll 2 . 

o^t J 

Conversely, ii meaning attaches to each series Jjrj f*. , f^ , 

for which ^ [ Hf.ll 2 is finite: f =* 0 for all c* £ J aside from a finite or 

-*6j *-*-- 

coun table subset and the sum of the non-vanishing elements f i£ convergent. 
Proof: The last part of the theorem will be proved first. If 

Him 2 is finite, then the relation Ilf || 2 > £ holds for only a finite set 

J 11 
of indices o^. If £ is taken successively to be 1, r , r , ..., then it is 

C K> 

evident that M 2 / 0 and f^ / 0 for only a finite or countable set of in¬ 
dices . Let the indices of the non-vanishing elements f^ be denoted by 

1 # .... If this sequence is finite, the question of convergence does 

not arise. If it is infinite, let f.. *■ a. 4 >,, where a, ■ Ilf. Il and 

***0 1 1 1 

^i " ' [[ ' ?*£ • The elements ••• form an °* n * se " t 821(1 T ^ eorem 

12.16 leads to the result stated. 

As f - f^. - f^ ^ f^ (this is obvious if for 
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same i - 1, 2, .but it Ij fc.-as p or oc / o^, <* 2 ' ••• ” to °* since then 
f^ - 0; in what follows the sequenoe oc^, oCg, ... may be finite or infinite), 
and as f ,t c: © for oc / oc , it follows that f - f. e? ©11 . But 

f^ Hence P M f - f^ • It is evident that|| a.^ ^1) 2 ■ ^Pja^J 2 , so 

** 2 1 1 
that ||f || 2 -H^f«,’ll 2 “ “ Hl( f oJ| 2 • This proves part of the first 

i i L 0 ^ 6 . J 

assertion of the theorem: the uniqueness of the elements f^ in the represen¬ 
tation f - y f for given f, and the explicit formulae concerning them. It 
<*£ J 

remains to prove only the existence of such a representation for an arbi¬ 
trary f. 


If f £ 3 and if P u f / 0, let P f - a « , where a. - lip f I 


and 


~ . 

j| ^.jj f. The elements y^form an o.n. set. By Theorem 12,11, 

Corollary 2, Ilf II 2 * ]EZ ) (f, ) / 2 ■ ZL I aj 2 * X! II P M f II 2 . The last sum- 

<?c 

mation may be extended over all o*. £ J since P f ■ 0 for those indices 

M ok 

for which y. was not defined. Hence V l|p„ f II 2 is finite and the argu- 
ment above shows that there exists an element f * - ^ P M f (let f ■ 

- P M f e M ) and P u f • - P lf f. Therefore P u (f - f •) « 0, f - f 1 is ortho- 

M «. * M Ok M <* 

O onal to M^for each £ J, f - f* is orthogonal to [..., , ...] - S and 

f - f 1 - 0. This completes the proof. 

THEOREM 14.12. Let the sets , <*• 4. J, be_ as_ in Theorem 14.11. 

Let A be_ an operator in S which is linear , dosed , s.v., and reduoed by each 
set ^ condition £ of Theorem 14.6, Af £ II for f £ D(A), so^ that 

A may be considered as an operator in M^as long as only elements of are 
considered) when A is_ b_o regarded it will be denoted by A^ j A^ is_ thus the 
oontraotion of A over D(A). The following assertions are valid : 

1) If f - ^ ^ M^(see Theorem 14.11), then Af is defined if and only 

all elements A^f^ are defined and 2Z HA.f II 2 is finite; in this event 

— 1 • . 1 1Jlr " 1 “ — 1 J f T 9\ — - 1 — —— 
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AC - H A f,. 

<* e J 01 

2) Each operato r A^ is_ linear , closed, and s_.v. 

3) Conversely , if in each sot ther e is given linear , clos ed, s,y, 

operator , there exis ts unique linear, clos ed, s_.v. operator A in 

S which is reduced by each set and for which A^ ■ A^ for all oC 6 J. 

Proof: Part 1, Since lief, f >> II 2 - Ilf II 2 + Ilf'll 2 (see Definition 
13.1), part 1 may be reformulated in the following manner: the elements 
Cf, Af) coincide with the elements 511 A^f^J), f^ € M^, where 

Z ||<f^, i^f^ll 2 is finite. If Theorem 14.11 is applied to the space G(A) 
instead of S (see Definition 13.2; G(A) is a c.l.m., and hence is a space 
to which Theorem 14.11 may be applied), it follows that G(A) * [•»., GCA^),...]. 
But A^ is the contraction of A over M^D(A). Hence (in an obvious notation) 
G(A^) * (M^X S)*G(a). Therefore 

[...,G(A^), •••] = [...,(M^X S)*<j(a), •••] ■ ([•••# ••«] X S)• G(A) * 

- (S x S)-G(A) - G(a). 

Part 2. Since G(A) and are c.l.m.’s, so also are M^X S and 
G(A^) * (M^X S)*G(A). Hence A^ is linear and closed. As A is s.v., its 
contraction A^ is also s.v. 

Part 3. Corresponding to the operators in (oc ranging over J) 
there exists a unique operator A satisfying part 1 with * A^ inasmuch as 
it was shown in the proof of part 1 that this condition means merely that 
G(a) ■ [..., G(^), •••], and this in turn exactly determines G(A), that is, 

A • Let this operator A be denoted by A. Any operator A of the sort de¬ 
scribed in part 3 would satisfy part 1 with A^ » A^ j therefore it remains 
merely to prove that A satisfies part 3. 
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As G(A) is a c.l.in. by definition, A is linear and closed; part 1 
shows that it is s.v. (Theorem 14.11). If f € D(a), then let f - f , 

€. • By application of part 1 to any element f^ (P € J) it follows 

that f 6- D(A) and Af^ - A^ . But P^f - ^ , and as Af ■ A^ f^ , 

i f 1 . € . The relation P„ Af ■ A a is obtained in a similar manner 

«*■ ot. /* (* 

(by Theorem 14.11). Henoe Pj^f £ D(A), Xp^ f - ^ - P^Af, 80 that * 

commutes with Pand M A reduces A. This condition holds for all /b € J. 

Myj /a / 

It has already been pointed out that the contraction of A over D(A) is 
A^ • Therefore A satisfies part 3, and the proof is complete. 

The above decomposition of an operator A in S into operators in 
is simply related to the various operations which may be performed with 
A on the basis of the definitions of this and the preceding chapter. These 


relationships are enumerated in 

THEOREM 14.TJ5. Let the sets , oC 6 J, be^ as in Theo rens 14.11 
and 14,12; let A and B be two linear , closed , tuv. operators each of which 
is reduced by each set ; let A^ and be their respective contractions 
over My P(A) and M^P(B) (see Theorem 14.12). The following assertions are 
valid : 

1) A d B if_ and only if A^ c for every cA e J • 

2) A i£. partially adjoint to B if and only if is partially adjoint to 

* >or ever y € J • 

4c + 

3) (A exists and is equal to (A^) for every c*> J. 

4) A has a^ s.v. inverse if and only if each has s_.v. inverse; (A 

exists and is equal to (A^)~^ for every o» € J. 

5) K i£ any one of the six classes K^, ..., K g enumerated below, then 
A belongs to K 4f and only if A^ belongs to K for every £ J• 
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K 1# ..., Kg consist of all operators which are respectively Hermitian, 
semi-definite, definite, projections, s_.a., unitary. 

6) A is_ bounded if and only if each A^ is_ bounded and the numbers |||aJ||, 

€ J, are bounded, in this event, II! A III * l.u.b. |||aJ||. 

“ — ————. —■ * oC € «J 

Proof: Part 1. The necessity is evident; the sufficiency follows 
from Theorem 14.12, part 1. 

Part 2. Same as part 1 together with the fact that the relation 
Ilf II ^ of Theorem 14.11 may be generalized so as to assume the 

OC6J * 

form (f* 6) * (f* , 6* ) (t - Z_ , 6 - II 6* , ^ g* € 1^) 

(The real part of this latter relation results from the former by replacing 
f by £^2- and in succession and taking the difference between the two 

results; the imaginary part results by replacing f and g respectively by f 
and ig.) 

Part 3. Since A* is reduced by the sets (Theorem 14.4,part 8), 
it is possible to form the operators (A • As A and A are partial adjoints 
the same is true (by part 2) of A^ and (A )^ • Hence (A c (A^) • Let 
A' be the operator such that A^ » (A^)*. Then A^ and A*^ are P 81 *' 1 '* 811 ad ~ 
joints, so that the same is true of A and A*. Hence A* c A , and (A.) * 

» AJ^c: A^ (by part 1). Therefore (A*)^ - (A^)*. 

Part 4. It must first be shown that the condition Af a 0 is equi¬ 
valent to the condition A^ f^ * 0 for every € J. But the necessity is 
evident and the sufficiency follows from part 1. Since A* 1 is reduced by the 
sets (Theorem 14.4, part 4), it is possible to form the operator (a”*^)^# 

It is evident that (A" 1 )^ - (A^)" 1 . 

Part 5. The assertion with regard to K^(Hermitian) follows from 
part 2; with regard to K g (s.a.) from part 3; with regard to K g (unitary)from 
parts 3 and 4 together with the faot that, for a unitary operator, A 1 « A* 
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(Remark 5 following Theorem 14.1); with regard to (projections), the 
assertion could easily be verified directly, but as a matter of fact it is 
contained in the assertions regarding and K g since A is a projection if 
and only if 2A - 1 is Hermitian end unitary (see the discussion at the end 
of the section dealing with unitary operators); with regard to Kg (semi-de¬ 
finite), the necessity is evident and the sufficiency follows from the re¬ 
lation (f, g) (f^ » g^) (derived above) since this relation implies 

the relation (Af, f) * 5~~ (A^ f. , 1L); with regard to EL (definite), the 

C* £ J" <31 c* tx O 

assertion follows from this same relation or from Kg and part 4. 

Part 6. It is evident that, if A is bounded, then each A^ is also 

bounded; in fact, lllAjll * ||( A||| since each A^ is a contraction of A. Thus 

the condition is necessary, and III Aili - l.u.b. I||A J||. Conversely, suppose 

c J 

that each is bounded and that the numbers IIIa^KI , J,are bounded. 

Let C - l.u.b. IIIaJI . Then IIa. gll - 0* llgll for g e M . If in the re- 

Ot fe J _ 

lation ||f II 2 - ]Ejlf II 2 the element f is replaced by Af and f^ is replaced 

by A f , the result is that IIAf l| 2 ■ II A f || 2 . Hence II Af || 2 - C 2 ||fl| 2 

ex 

and )|AT|| ■ C* |lf|| , that is, A is bounded and IIIAl|l ■ C. Thus the condition 

is sufficient and HI A III " l.u.b. Ill A III • This completes the proof. 

oC € X * 

Let B be an operator in S; % is taken to be that operator in 3 X S 
defined by the condition $<f, g> » ^Bf, Bg>. (it is apparent that 
(f^ 6> € D(^) if and only if f 6 D(B) and g 6 r(B).) In the notation of 
Appendix II, is represented by the matrix |j ® g |J • If BO - 0, a straight¬ 

forward computation shows that fy* similarly represented by the matrix 



Assume that B is s.v. with D(B) * 3. The fact that a s.v. operator 
A commutes with B means that if f 5 D(a) then Bf € D(A) and that ABf * BAf, 
that is, <Bf, BAf> e G( A), or again, if <f, g> € G(A) then <Bf, Bg> 6 G(A), 
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or again, if 6 G(A) thon ^ ^ £ G(a). 

Let *■ ^G(A)* ■ rhe P 1 * 006 ^ 1 ^ condition states that tyv 

for all y€G(A), that is, for all <f - ^ • This means that 

tyt/'for all J*, or again, 

^A* * eads 

THBQR3M 14.14 . If A and_ B are s^.v. with D(B) = S, then A commutes 
with B when and only when ^ ^ ^ ^ i£, furthermore , D(B) =» D(B*) * S, 

then A c_._a. with B when and only when * 

Proofs The first assertion has just been proved. It implies that 
in the second assertion the relations ^ ^ =* ^ and ^A ^A * 

constitute a necessary and sufficient condition. A3 and ^ are bounded 

and everywhere defined ( ^ has these properties because B has them) it is 

* 

possible to apply the operation to the second relation and obtain the re¬ 
sult ^ ^ . The first and last relations together imply that 

m *%¥>^ • Conversely, this relation implies the two just mentioned: 


% % t 

A A 


w *•- *i». 




Remark . It should be noted that, in the second part of the preceding 
theorem, % k and $ are both bounded and everywhere defined. Hence the con¬ 
dition % *&a mean3 that ^ commutes with %^ and therefore that 

c.a. with ^• 

A 

By using the matrix notation of Appendix II it is possible to replace 
. A^1 A^ ij 

G. by its matrix . • Tt is evident that Jj commutes (c.a.) with 

A A 21 A 22 

(S^when and only when B commutes (c.a.) with A^, A^g, Ag^, Agg. This provides 
a criterion in S that A and B c.a. 
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Appendix III, 

A familiar way to "arithmetize* operators is to replace them by ma¬ 
trices. However, to do this in the general case (as when the operators J 6 
are linear, closed, s.v., with domains dense in a Hilbert space S) it is 
necessary to use a certain amount of caution. The purpose of this appendix 
is to carry out this replacement. 

The following theorem is useful to this end* 

TH EOKKM 14*.l. If M is_ a separable l^.m., then there exists in M a 
finit e or countable £.u. set As 8uoh that iA} C Me [A]. 

Remark . M need not be closed. If the operation [...] is applied to 
the relation l Aj c Me [A], then [A] - [M] - closure of M. In the oase where 
M - 3 (S being separable), this result leads to Theorem 12.18. 

Proof* Let f^, f g , ... be a sequence of elements of M which is dense 
in M. This sequence is also dense in [M] » closure of M. The method of 
proof of Theorem 12.18 carries over to the space [M] (since M is a c.l.m.) 
when applied to the sequence f^, fg, ... • The set vfg, ... so obtained 

satisfies the requirements of the theorem. 

It is desirable to consider successively the three essentially dis¬ 
tinct possibilities with regard to the dimension J"L of a space S (compare 
Definition 12.17). may be finite ( A ■ N ■ 0, 1, 2, ...), countably in¬ 

finite ( A ■ <o), or uncountably infinite (.fL > oo)s correspondingly S will 
be an H-dimensional Euclidean space, a Hilbert space, or a hyper-Hilbert 
space. 

Case 1. A" H ■ 0, 1, 2, S an N-dimensional Euclidean spaoe. 

Let be a linear, s.v. operator with D(jrf) dense in S. (In the other 
two oases it will be necessary to assume closure also, but at present this is 
unnecessary.) 3y Theorem 14* .1 there exists an o.n. set As in 
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D (j&) which is dense in D(fi) and hence also dense in S; it follows that A is 
complete in S, L " N, and every element of S is of the form 

1 ° J 

is, S * lA] . Since fi is linear, D(jrf) » S. Thus fi is defined over the whole 

of 8, and A may be taken as any complete o.n. set. 

Let fl f - 2^ « ^ bo that a - (4 f . MV ). If f ^ * p ^ p 

h " <r-l “ N “ y y r 

and fjf » y ^ . then y_ a a • Furthermore, 

£~1 ^ o ~ 1 cr cr p<r j> 






O' =1 p»l P°" P 


(#, f) - H B ^ 
p, o- =1 r j 


It is evident that the range of values of 




i'V 


bounded since N is finite and constant, 3y Definition 13.16 the operator fi 
is bounded; since D(j^) *» S, fi is closed. B|y Theorem 13.21 or 13.23, fT ex¬ 
ists and has the same character as fi; if a ' - (tf* fp-Yo- ). then a* - 

p p p 


(V *v> ■ Vj>- 


These results are summarized in 


THEOREM 14 1 .2. If is linear , s_.v., with D (fi) dens e in S, then fi is 

everywhere defined, bounded , and closed ; fi * exists and has the same properties. 

If A is a complete o.n. set vf., ..., vf , form the representations 
T M 


fi <f * 2T a <r ¥ o' — a jj. * (rf y # f g. ) • Then the matrix jj a ^JJ is_ said 

P o* "1 ^ P P 

to belong to the operator fi for the set A ■ ( ..., Vjj)* 

In the same sense , the matrix || a * || , where a 1 * a , will belong 

p<T per 

to for the set A ■ ( if 1# . ..,«f N ). 

N N N 

Z * - Z ssSl * - ST vv Sa v XI v <=y 


=i j* - j> 




and such that )?, ■ 0 t where 0^ is the contraction of 0 over A. 

. . 4. ■“ 11 " ■ 1-- ■ " .. . " 

Remark : If D(0) =* S and if 0 is bounded (so that 0 is continuous 
over S), then 0^ is continuous over since C Hence D(jrf^) * s a 

c.l.m. (Theorem 13.11)* But D(^ n ) D D(J2£, ) ■ A so that D(GL ) D [A] =» S. Hence 

X A ' JL 

D(j8^) ■ S and 0^ * 0, Under these conditions every complete o.n. set A satis¬ 
fies the conditions of the theorem. It will be shown in a later chapter that 
in all other cases not every complete o.n. set in D(^) satisfies the condi¬ 
tions of the theorem. 

Proofs Since S is separable, S x S and Qt(0) c S X S are also separable 

Henoe there exists a sequence <f 1# jdf^ • ^2 ^ * ••• dense 1 n G(jrf). If 

(f , 0£ >, (f ! is a subsequence of this sequence with limit 

n l n l n 2 n 2 
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(f, f*> , then, since 0 is closed, <f, f *> £ G(jrf), that is, f £ D(jrf) and $£ * f*. 
If is the contraction of fi over the set Bi f^, fg, ..., then }S q - . 

It is evident that the set B is dense in D(jtf) and S. Let A be the 
o.n. set Yi* Y 2 » ••• arising from M - {f^, fg, .. • } * {Bl according to the 
constructions of Theorems 12.18 and 14'.1. Since {A} * {B} , it follows that 
^ ■ fi; and [A] = [B] - S. Hence A satisfies the conditions of 

the theorem. 


Definition 14*.1 . A complete o.n. set A: ’fg* • •• which satisfies 

the conditio ns of the preceding theorem will be calle d a determining set for jZf. 

GO 

Since A is complete, the relations j6 y> = tf ■ 5 a u> and 

r P 1 S> 

a ^ - (j6 ) " ($, noted above still obtain. The matrix Ha^H 

is said to belong to the operator ft for the A “ (f^, ‘fg, ...). (These a* a 

are closely analogous to the a's used in Case 1.) 

°o g oo 2 2 

By Theorem 12.16, ]>Z | a | - 51 | (jrf y , y )! - lr is finite. 

<r =1 * <r «1 “ P 

It is evident that DCjS-^) = (D(^)} * , that is, D(j0^) is the set of 

n 

all elements f » ]>T x 'P ' where n is any positive integer. If fSf * jSjf - 

p=l P P 

■ v jkV'V £ f 5,vv ■ 

Although it is not possible to give a direct characterization of 


D(jB^) « D(^) (except by directly translating Definition 13.10 and the dis¬ 
cussion following it), something can be said in the event that A C D(jtf ), 

i.o. it y is defined for all y in A. By Theorem 12.8, (jzif, )«(f, jrf* 

OD 

is a continuous function of f over D(jZf). Hence if f £ D(/S), f - 5Z x Y • 

p»l P l P 

oo «* 

JZ(p »» ^ y Y ' then y * (jrf:f, vp ) is a continuous function of f. Let 

o- »1 
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f (n )- x - H y^Vo-J then f ■ lim f(n) . y,r“ llm y^” 5 - 

p>-l •* ** <r ®1 n->oo n-Mo 

\i£ Sw^VV 

00 

In this disoussion it was proved incidentally that V_ a x is con- 

_ yl per * 

00 r 

vergent. However, if f - x vp is an arbitrary element of S, this series 
„p-l *? * 

is even absolutely convergent, the reason being that 

^ 1 V ,2 “ C * ^ 1 ( V ^ ^o- ) | 2 " ,l ^' l f(rll Z 

p»i r p«i j p«i -r 

and ^ || x || 2 » ll^ll 2 # so that JZ I a DO J 2 and 5Tl x 42,6 both finite, while 

jo*l P p=l P°^ p=l f 

l‘ p(r x pl 5 * *I x jJ 2 ' 

Definition 14'.8 . If jrf, Ar 'f 1 , ^fgi •••» a pcr a (/^ *f * vp^ ) are as 

J* J£ ? y 

above with A C. D(p ), then let f ■ 2 ^ x vp range through S and form the 

00. jpl P P 

expressions y^ - 2L. a ^ x . Let be. that operator whose domain D(jefg) is 

fj **1 J ' g 

the set of all elements f such that 7 | y I is_ finite and which is defined 

00 cr «1 

by the condition f 4 D(/fg)« 

o-«l 

It follows from the preceding discussion that fi c. 

It is possible to characterize completely ip terms of /f. Since 
A dDit is possiblo to define fl* as the contraction of fT over A. The 
conditions f & D (ff* )* and f*« (ff**)*t together mean that (f, j6*' g) « (f*, g) 
for all elements g in D (fi* ) * A, i.e., for all elements g - «f ^ • Let 

* - ^ x pV { * m fl VV’o - 80 that ( f *» fcr) ” V “ d (f ' ^ V (P “ 

J)*l J * CT *1 

- ( f. ^ y,) - f Cf. *>,)( y. *• ».> - S* y> <* V y,> ■ £ V y 


y^* Hence y^- • Since the nunbers z^ are arbitrary exoept for the 
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oo 2 

condition that \ \i | be finite, it follows that f < ,_ , , 

'■> u ■ .. O" 1 Cr 

00 2 <r =*1 cT =1 

1 y^l finite, i.e., that (fi ) * ft. 

Inasmuch as p c 0, (J0 ) o JD and ^ z> fi (Theorem 13.13 and the 

remark preceding it). But ft- (ft )*■ (j2f* )* (of. l.c.), so that the con¬ 
dition ft- jZf is equivalent to the condition (ft )* - ft* ( fi is linear and 
closed so that t-r (Theorem 13.13)); as ft and ft are both linear and closed, 
each of these conditions is equivalent to the condition r-/. But this is 
obviously equivalent to the statement that the complete o.n. set A (assumed con¬ 
tained in DOef*)) is a determining set for ft. These results are summarized in 
THEOREM 14 t ,4, (i) Let fj be linear , dosed , s_.v,, with D(jZi) dense 

in S; let As v f^, • • • JjS. * complete cyn_. set determining fi ; Let ft be^ the 
contraction of fi over Ac D(p); introduce the representation fi *p ■ ft ■ 

oo f 1 f 

m yt,* ££ S*2* y ■ ^ y Y«r > * ( ^1 y ^<r )• 

( 1 ) 


•-£ 




ZLj yl 2 - II / ^ll 2 li finite- 

(2) D(/, ) the set of all elements f ■ x y , and jdf *■ /, f ■ 


jrtthya-- A yy • 


i f s 


<r-1 


y <r Yo- 


r 1 


(3) While - ft the only way to characterize it is to apply to it Defi¬ 
nition 13.10 and the discussion following this definition. 

(ii) However, if AC D()rf*) (ft is linear , closed, s.v., with d(ft) 
dense in S; see Theorem 13.23 ), then 

(!' ) Zl I » g.1 2 ’ II/* ‘fjf ii f inite . 
j)=l J 

(2» ) Let JJl* be the contraction of ft over Ac 'D(ft), and let ft be^ the 

operator introduced in Definition 14 T .2. Then ft =* (ft )*, implying 
that fi c ft i these conditions in turn imply that ft £s_ linear , closed, 
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s..v., with V(ft) dense in S. * 

(3' ) The conditions ^ * ft and ft » ^ are equi v alent with each other , and 
with the requirement that A is a determining set for ft • 

This theorem (proved above) leads directly to 

Corollary 1, If. D($) * S, then both p.nd ft are everywhere defined 
and bounded ( Theorems 13.22 and 13.21 ). Hence every set A is a determin ing 
set for both end ft • In thi s case Part 2 1 of the preceding theorem charac¬ 

terizes $ * (ft ), and is even simplifie d by the fact that D(jtf) * S. 

Corollary 2. Since 0 * ft ■ ft ( Theorems 14 1 .3 and 13.15 ), it fol¬ 
lows by Theorem 13.16 that ft is. Hennitian when and only when ft ±s_ Hermit ian. 
Hence, for all p. cr , ) - ( Yp» )* 1 L> " Vj* 

Unfortunately, no comparably simple criterion is known for the proper¬ 
ty of being s.a. 

Corollary 3. If ft is. Hennitian , then ft c ft , so. that A c D (ft e D(j^). 
Hence the assumption in (ii) of the preceding theorem is sa tisfied . Since 

jzfc/ , it is. evident that ft » ft. Therefo re ft =* (ft )* ■ ft a » jel* 

The condition c: ft iji 2.* assumes the w ell-know n form ^ c if then 

p ^ ft and f6 is. s_.8^. Hence , by 3^, A is. determining set for ft if. and only 

if ^ j_S_ £.6^. 

It is possible to follow the procedure inverse to that outlined above: 
start with a complete o.n. set A: ... and a matrix ll a j 3<r ll » and con¬ 

struct the operators ft ft, ft, ft* 


THEOREM 14*.5. l) Let A be a com plete o.£. set y ... and let 

~ ma ^ r ^ x ( °f oomplo x numbers ) . There exists a linear , closed , b_, v. 

operator ft with D(ft dense in S, to_ which IIa || belongs for A ( Definition 

go | g P<T 

14*.l) if and only if every series fa | is finite, and in this event 

Z <r=l fiiT 

jo is. unique . 
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2) The condition Ac D(^) obtains if and only if every series y~|a | 2 is 

- ^ per — 

finite. s 

Proof of l): The necessity of the finiteneBS of every series | a I 

or =1 ^ 

follows from Theorem 14’.4, 1); the uniqueness of jrf (if it exists at all) fol¬ 
lows from the uniqueness of Theorem 14’. 4, 2) and the fact that #1 ■» j?., • 

oo 2 

As to the sufficiency of the condition that every series 2_ |a ) be finite: 

cr =1 P 0 ' 


it is possible to define an operator P over A by the condition Pu> - > a 

J? Jf =1 ** 

and to let ji * P. It is evident that A C D(jrf), J^= P, and jrf = P « , so that 

oo 

A is a determining set for jtf; furthermore. $w>»Pu3»>~~8i ^ . 

■P T P 0 ti P°- T <r 

y oo 2 

Proof of 2): The necessity of the finiteness of every series y_|a | 

P =i p <r 

follows from Theorem 14 '. 4 , 1 '); to show this condition sufficient, let 

%- “ 21 Then SV ) - - ( Yj>' *cr >• 30 that H>cr £ D( ^l 

but jC ■ . 


The theory of operators, as originally formulated by Hilbert and as 
developed until recent times, was usually based on matric representation in a 
fixed orthogonal system. This method is quite convenient for operators which 
are defined everywhere and bounded. (Most of Hilbert’s theory was restricted 
to operators of this type.) But it is evident that for unbounded operators 
the description becomes rather involved. It will be seen in later chapters 
that a number of characteristically "pathological" results may be obtained for 
unbounded operators (which represent the "general case"). The complicated and 
"pathological" behavior of matrices representing unbounded operators is a 
strong argument in favor of the present abstract method. Of course this does 
not lessen the importance of learning as much as possible about the behavior 
of matrices of operators. 

It should be emphasized that the conditions prevailing in Case 1 
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(finite dimensional Euclidean spaces) as described by Theorem 14*.2 may be 
oonsldered as highly simplified and special cases of those conditions in 
Case 2 (Hilbert space), the chief element of this simplification being that 
in Case 1 every linear manifold is closed and every linear operator is closed 
and bounded, 

Case 3. /t > o> j S a hyper-Hilbert space. 

Let fS be a linear, closed, s.v. operator with D(jrf) dense in S (com¬ 
pare Theorem 13,23)). By application of Theorem 14,10 and the remark follow¬ 
ing it, there is obtained a set J of indices <* and for each t J a Hilbert 
space such that 1) if <* / /b , then and are orthogonal, 2) 

[..., , ...] - S, where cx ranges through J, and 3) each reduces jrf. 

Since the dimension of is oo and since [..., M^, ,,.] - S, it 
follows that (power of J) • oo « J\. . As il. is non-countably infinite, the 
power of J must be infinite. Henoe (power of J)« cx> » (power of J), so that 
the power of J is A . Thus J is non-countably infinite. (In Case 2, where 
A " oo , it would be possible for the power of J to be unity.) 

By Theorems 14.11 and 14.12, the operator f6 is completely character¬ 
ised in S by its behavior in each space , that is, by its contractions ^ 
ever D(jZf) (c* ranging through J). But the operators are in the Hilbert 
spaces , so that the results obtained in Case 2 are applicable to them, 

B|y making this application it is found that the behavior of in Case 3 is 
quite analogous to that in Case 2, The precise formulation of the situation 
is as follows* 

Let I be a set (of indices) of power Si which can be used to label 
the complete o.n. sets of S. (3 is homeomorphic to the space Hjj compare Defi¬ 
nition 12.36 and Theorems 12,26 and 12,27.) It will be assumed for the moment 
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that I is non-countably infinite (characteristic of Case 3), but it will be 
seen later that this assumption is unnecessary • 

THEOREM 14*.6 . If is a linear , dosed , £.v. operator with D(jzf) dense 
in S, then there exists an £.n. set At vp^, A g I, in D(jrf) which is compl ete 
in S and such that where i£ the contraction of jrf over A. 

Remark t Exactly the same remark (with exactly the same proof) can be 
made here as following Theorem 14'.3. 


Proof: Let £ J, be the Hilbert spaces of Theorem 14.30 as 

described above; let be the contractions of jf over M^-D(jrf). Bty application 

of Theorem 14*.3 to 4. in M^ , there exists an o.n. set A_ ,, If* ••• 

<* oc 'o(,J 9 ' ck $ c 

in D(^) which is complete in M^ and which is a determining set for • 

The entire set A: 4 ^ n | t J, n » 1, 2, is o.n.; but 

[A] 3 [A^] - , [A] D [..., M^ , ...] - S, so that A is complete in S. Since 

A^c: DO^) it follows that A C D(jrf). Let be the contraction of f& 

over A - D(j2f), and let be the contraction of ^ over V d <4) ■ V■ 

- A* D(^ 1 ). Then (JS^O (^ ol .) 1 » a “ d hence (fall " t (since A^is a de- 

temining set for By Theorem 14.13,1), it follows that ^ "D ft; but it is 

obvious that c fir 80 that = fi. Therefore, to complete the proof of the 
theorem it remains merely to change the labeling from A: v V , 6 J, 

n - 1, 2, ..., into A: vp^, oS £ I, 

Definition 14 1 .3 . A complete o.n. set A: vp<** os £ I, which satisfies 
the conditions of the preceding theorem will be called £ determining set forj ri. 


Since A is complete, it is again possible to introduce the represen¬ 


tations fi tf* 1 

■ 

set A ■ (..., 



* The matrix |J a !| 

°y* 

r* * •••)• 


, Ot 1 I, £ I, so that a^j - (0 " 

is said to belong to the operator fl for the 
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THEOREM 14 1 #7 . (i) Let fl be linear , closed, s_.v., with D($) dense in 
Sj A* <* £ I, be_ a_ complete o.r. set determining f6; let j6^ be the 

contraction of over A C D(^); introduce the representation fi *fd< m 

Vt** ° ltI ‘ /3t1 ’ — — V ( ^'V ■ (^1 

1 ) £ “ MvJI 2 la finite ( so that, for any particular , 

0 for all p> *s except for at most & countable set which depends 
on a ), 

2) D(jZij ) is_ the set of all elements f ■ ^ x^ ^ , where L is_ any finite 

subset of I, and 6? « fS.f ■ YZ y. u> with y A = & x^ • 

-- 1 /3 € I ^7* - * oTTL */* * 

3) THhile = jrf, the only way to characterize it to apply to it Definition 

13.30 and the discussion following this definiti on. 

(ii) However , if A cd(0*) (jtf* is linear , closed , s_.v., with 
dense in S; see Theorem 13.23 ), then 

1 1 ) y | a ^| 2 " II ft* ‘f/sH 2 ii (ii iiii* f or an Y particular , 

a^= 0 for all ©O s except for at most a countable set which depends 

on ft ). 


2’). Let /tf* be^ the contraction of over A c D(^), and let jef ? b£ the opera- 

tor defined as follows: let f ^ x range through S and form the 

* £ I 

expressions y^ - a^x^ (iSiii sums are all absolutely convergent ). 

Then D(/zL) is the set of all elements f such that Y~ | y. is_ finite and. 


' /ael 




for f £ D(jzf 0 ), J^o** ia. taken to be y 4 > - . It follows that jrfg - (p ) 

. ' . AM * ' , 

implying that p cp„ j these conditions in turn imply that p^ is_ linear , 
closed, s.v., with D(^ ? ) dense in S. 

3*) The conditions 0 and - yt are equivalent, so that A ia^ deter¬ 

mining set for jtf*. 

Remark concerning 2 1 ). If XI f is finite, x^ - 0 for all except 
at most a countable set, and for any particular <* in thiB set, a *0 for 
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a31 /3 except for at most a countable set. Hence if y " a x , an at 

ft UEI * 

most countable set of y's is distinct from 0. Thus the condition that 

I y. | 2 be finite is not quite as strong as it might seem. 

/3 fcl ' 

Proofs Exactly the same as for Theorem 14*.4, where the set (1, 2,...) 
is always replaced by the set I, and where the sets (1, ..., n) are replaced 
by finite subsets L of I. 

Corollaries 1-3. Exactly the same as for Theorem 14*.4 , with exactly 
the same proof. 

THEOREM 14 1 .6. 1) Let A be a complete £.n. set ip , ot £ I, and let 

|) a^|| be a. matrix ( of complex numbers ) with oC £ I, ft t I. There exists a^ 

linear , closed , s_.\u operator 0, with D(jtf) dense in S, to which a belongs 

for A (Definition 14*.3) if and only if every series la J 2 is finite, and 

<*fcl 7 

in this event is_ unique . 

2) The condition A C D(jtf*) obtains if and only if every series 2Z la 1 2 is 
---- — 

finite. 

Proof: Exactly the same as for Theorem 14*5, where the set (1,2,...) 
is always replaced by the set I. 

By comparing the results of Cases 2 and 3 it is seen that they are 


identical when, in Case 2, I is countable and unessentially specialized to 
I = (1, 2, ...)). In fact, the results of Case 2 follow directly from Case 3: 
the non-countability of J was not utilized, and Case 2 arises by taking J ■ (l) 
with * S. Case 1 arises for a finite I, and its conditions, described by 
Theorem 14*.2, also satisfy the theorems in Case 3 of which they are extremely 
simplified special cases (see the discussion at the end of Case 2). 

In brief, the result s of Case 3 apply to any S and any I. However, if 
S is N-dimensional Euclidean (I finite. Case 1), thenessentially more is known 
(cf. Theorem 14.2 and the discussion at the end of Case 2). 





